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An Example

𝑥

𝑦

𝑧

(1, 1, 1)

(𝑥 − 1)2 + (𝑦 − 1)2 + (𝑧 − 1)2 = 4

⋄ symmetric

⋄ 𝑥2 + 𝑦2 + 𝑧2 − 2(𝑥 + 𝑦 + 𝑧) − 1 = 0

⋄ (𝑥 + 𝑦 + 𝑧)2 − 2(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) − 2(𝑥 +
𝑦 + 𝑧) − 1 = 0

⋄ 𝑒2
1 − 2𝑒2 − 2𝑒1 − 1 = 0
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𝑒𝑘: elementary symmetric polynomial of
degree 𝑘.
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Unique Representation in Subrings

Theorem [Fundamental Thm of symm. polynomials]

For any symmetric polynomial 𝑓 ∈ 𝕂[𝑥1, … , 𝑥𝑛], there is a unique polynomial
ℎ ∈ 𝕂[𝑦1, … , 𝑦𝑛] such that

ℎ(𝑒1(𝑥1, … , 𝑥𝑛), … , 𝑒𝑛(𝑥1, … , 𝑥𝑛)) = 𝑓.

Given 𝑓, compute ℎ algorithmically?
In general, given

⋄ 𝑛 algebraically independent polynomials 𝑔1, … , 𝑔𝑛 in 𝕂[𝑥1, … , 𝑥𝑛]
⋄ a polynomial 𝑓 ∈ 𝕂[𝑔1, … , 𝑔𝑛], where 𝕂[𝑔1, … , 𝑔𝑛] is the subring of

𝕂[𝑥1, … , 𝑥𝑛] generated by (𝑔1, … , 𝑔𝑛)
There is a unique polynomial ℎ ∈ 𝕂[𝑦1, … , 𝑦𝑛] such that

ℎ(𝑔1, … , 𝑔𝑛) = 𝑓
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Algebraic Independence

Let 𝑔1, … , 𝑔𝑛 be polynomials in 𝕂[𝑥1, … , 𝑥𝑛]

Definition

𝑔1, … , 𝑔𝑛 are called algebraically independent (A. ID) if there is no non-zero
polynomial 𝐴 ∈ 𝕂[𝑦1, … , 𝑦𝑛] such that 𝐴(𝑔1, … , 𝑔𝑛) = 0.

Example:

⋄ elementary symmetric polys (𝑥 + 𝑦 + 𝑧, 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥, 𝑥𝑦𝑧) are A. ID

⋄ (𝑥, 𝑦) are A. ID

⋄ but (𝑥, 𝑦, 𝑥2 + 𝑦3) are not A. ID since
𝐴(𝑥, 𝑦, 𝑥2 + 𝑦3) = 0 with 𝐴 = 𝑦2

1 + 𝑦3
2 − 𝑦3
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Our First Problem

Given

⋄ 𝑛 algebraically independent polynomials 𝑔1, … , 𝑔𝑛 in 𝕂[𝑥1, … , 𝑥𝑛]
⋄ a polynomial 𝑓 ∈ 𝕂[𝑔1, … , 𝑔𝑛]

Compute the unique polynomial ℎ ∈ 𝕂[𝑦1, … , 𝑦𝑛] such that

ℎ(𝑔1, … , 𝑔𝑛) = 𝑓

Theorem [V., 2025]

There exists a randomized algorithm to compute ℎ with the complexity being
𝑂 (̃(𝑛𝐿1 + 𝑛4 + 𝐿2) ⋅ ℳ(𝛥, 𝑛)) operations in 𝕂.

with deg(ℎ) ≤ 𝛥 and

⋄ 𝐿1 and 𝐿2 are the sizes of (𝑔1, … , 𝑔𝑛) and 𝑓 respectively

⋄ ℳ(𝛥, 𝑛): the cost of multiplying 𝑛-variate polynomials of total degree 𝛥
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State of The Art

Gröbner basis strategy (eliminate 𝑥𝑖’s):

⋄ consider polynomial ring 𝕂[𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑛] and a monomial order
[𝑥1, … , 𝑥𝑛] ≻ [𝑦1, … , 𝑦𝑛]

⋄ 𝔅 = 𝐺𝐵(𝑔1 − 𝑦1, … , 𝑔𝑛 − 𝑦𝑛) w.r.t ≻
⋄ ℎ = Remainder(𝑓, 𝔅)

Strategy Applicable To Complexity

Gröbner basis General Not fully analyzed
Gaudry et al. (2006) 𝑓 symmetric, 𝑔𝑖 = 𝑒𝑖 4𝑛(𝑛!)2𝐿2 + 2
Bläser–Jindal (2018) 𝑓 symmetric, 𝑔𝑖 = 𝑒𝑖 𝑂̃(𝑑2𝐿2 + 𝑑2𝑛2)

Chaugule et al. (2023) 𝑓 symmetric, various bases 𝑂̃(𝑑2𝐿2 + 𝑑2𝑛2)
Vu (2025) General 𝑂̃((𝑛𝐿1 +𝑛4 +𝐿2) ℳ(𝛥, 𝑛))

𝐿1 and 𝐿2: sizes of (𝑔1, … , 𝑔𝑛) and 𝑓 ; 𝑑 = deg(𝑓); 𝛥 = deg(ℎ)
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Our Main Tool: the Hensel-Newton Lifting

Hensel’s lemma (lifting roots modulo powers) + Newton iteration

Let
⋄ 𝑷 = (𝑝1, … , 𝑝𝑛) be 𝑛 polynomials in 𝕂[𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑚]
⋄ 𝜶 = (𝛼1, … , 𝛼𝑛) be a solution of 𝑃(𝑥1, … , 𝑥𝑛, 0, … , 0)

Assume
⋄ the Jacobian matrix of 𝑷 (𝑥1, … , 𝑥𝑛, 0, … , 0) has full rank 𝑛 at 𝜶

Then there is a unique 𝒗 = (𝑣1, … , 𝑣𝑛) of power series in 𝕂[[𝑦1, … , 𝑦𝑚]]

𝒗(0, … , 0) = 𝜶 and 𝑝1(𝒗, 𝒚) = ⋯ = 𝑝𝑛(𝒗, 𝒚) = 0.

Example: Let 𝑷 = (𝑝1, 𝑝2) = (𝑥1 + 𝑥2 − 𝑦1 − 2, 𝑥2
1 + 𝑥2

2 − 𝑦2 − 10) and

⋄ 𝜶 = (−1, 3) is a root of 𝑷 (𝑥1, 𝑥2, 0, 0) = (𝑥1 + 𝑥2 − 2, 𝑥2
1 + 𝑥2

2 − 10)

⋄ rank(jac)(𝜶) = 2 with jac = ( 1 1
2𝑥1 2𝑥2

).

Then 𝑣1 = −1 + 3/4𝑦1 + −1/8𝑦2 + ⋯ and 𝑣2 = 3 + 1/4𝑦1 + 1/8𝑦2 + ⋯
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Let
⋄ 𝑷 = (𝑝1, … , 𝑝𝑛) be 𝑛 polynomials in 𝕂[𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑚]
⋄ 𝜶 = (𝛼1, … , 𝛼𝑛) be a solution of 𝑃(𝑥1, … , 𝑥𝑛, 0, … , 0)

Assume
⋄ the Jacobian matrix of 𝑷 (𝑥1, … , 𝑥𝑛, 0, … , 0) has full rank 𝑛 at 𝜶

Then there is a unique 𝒗 = (𝑣1, … , 𝑣𝑛) of power series in 𝕂[[𝑦1, … , 𝑦𝑚]]

𝒗(0, … , 0) = 𝜶 and 𝑝1(𝒗, 𝒚) = ⋯ = 𝑝𝑛(𝒗, 𝒚) = 0.

Moreover, we can compute the truncation of 𝑣 to an arbitrary degree 𝛿.

Lifting(𝑃 , 𝜶, 𝛿):

1. Initialize 𝑣(0) = 𝜶
2. For 𝑘 = 1 to ⌈log2(𝛿)⌉ do:

𝒗(𝑘) = ⎛⎜⎜
⎝

𝒗(𝑘−1)
1

⋮
𝑣(𝑘−1)

𝑛

⎞⎟⎟
⎠

− (jac(𝒗(𝑘−1), 𝒚))−1 ⎛⎜⎜
⎝

𝑝1(𝒗(𝑘−1), 𝒚)
⋮

𝑝𝑛(𝒗(𝑘−1), 𝒚)

⎞⎟⎟
⎠

3. Return 𝒗(⌈log2(𝛿)⌉)
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Let
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The First Version of Our Main Algorithm

Given
⋄ 𝑛 algebraically independent polynomials 𝑔1, … , 𝑔𝑛 in 𝕂[𝑥1, … , 𝑥𝑛]
⋄ a polynomial 𝑓 ∈ 𝕂[𝑔1, … , 𝑔𝑛]

Compute the unique polynomial ℎ ∈ 𝕂[𝑦1, … , 𝑦𝑛] such that

ℎ(𝑔1, … , 𝑔𝑛) = 𝑓

1. Consider polynomials 𝑃 = (𝑔1 − 𝑦1, … , 𝑔𝑛 − 𝑦𝑛) in 𝕂[𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑛]
2. Let 𝜶 be a root of 𝑃(𝑥1, … , 𝑥𝑛, 0, … , 0) = (𝑔1, … , 𝑔𝑛)
3. (𝑣1, … , 𝑣𝑛) = Lifting(𝑃 , 𝛼, 𝛥) in 𝕂[𝑦1, … , 𝑦𝑛], with 𝛥 ≥ deg(ℎ)
4. Compute 𝑓(𝑣1, … , 𝑣𝑛)
5. ℎ = Truncation of 𝑓(𝑣1, … , 𝑣𝑛) at degree 𝛥
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5. ℎ = Truncation of 𝑓(𝑣1, … , 𝑣𝑛) at degree 𝛥

Example:

𝑔1 = 𝑥1 + 𝑥1 and 𝑔2 = 𝑥2
1 + 𝑥2

2, 𝜶 = (0, 0) is a root of 𝑔1, 𝑔2, and jac = ( 1 1
2𝑥1 2𝑥2

)
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Ensuring Full-rank Jacobian Matrices at Solutions

Lemma

Let
⋄ (𝑔1, … , 𝑔𝑛) be polynomials in 𝕂[𝑥1, … , 𝑥𝑛]
⋄ 𝜶 = (𝛼1, … , 𝛼𝑛) be a random point in 𝕂𝑛

Then
⋄ 𝜶 is a root of 𝑷 = (𝑔1 − 𝑔1(𝜶), … , 𝑔𝑛 − 𝑔𝑛(𝜶)) and
⋄ the Jacobian matrix of 𝑷 has full rank at 𝜶

Example: With 𝑔1 = 𝑥1 + 𝑥2, 𝑔2 = 𝑥2
1 + 𝑥2

2 and 𝜶 = (−1, 3). Then

⋄ 𝑷 = (𝑥1 + 𝑥2 − 𝑔1(𝜶), 𝑥2
1 + 𝑥2

2 − 𝑔2(𝜶)) = (𝑥1 + 𝑥2 − 2, 𝑥2
1 + 𝑥2

2 − 10)

⋄ jac(𝑷 ) = ( 1 1
2𝑥1 2𝑥2

) and jac(𝑷 )(𝜶) = (1 1
4 20) has full rank 2.
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The Main Algorithm

Given
⋄ 𝑛 algebraically independent polynomials 𝑔1, … , 𝑔𝑛 in 𝕂[𝑥1, … , 𝑥𝑛]
⋄ a polynomial 𝑓 ∈ 𝕂[𝑔1, … , 𝑔𝑛]

Compute the unique polynomial ℎ ∈ 𝕂[𝑦1, … , 𝑦𝑛] such that

ℎ(𝑔1, … , 𝑔𝑛) = 𝑓

0. Take a random point 𝜶 ∈ 𝕂𝑛

1. Find 𝑷 = (𝑔1 − 𝑦1 − 𝑔1(𝜶), … , 𝑔𝑛 − 𝑦𝑛 − 𝑔𝑛(𝜶)) in 𝕂[𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑛]
2. 𝜶 is a root of 𝑃(𝑥1, … , 𝑥𝑛, 0, … , 0)
4. Compute 𝑓(𝑣1, … , 𝑣𝑛)
5. ℎtrunc = Truncation of 𝑓(𝑣1, … , 𝑣𝑛) at degree 𝛥
6. ℎ = ℎtrunc(𝑦1 + 𝑔1(𝜶), … , 𝑦𝑛 + 𝑔𝑛(𝜶))
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Some Degree Bounds

Given 𝑊 = (𝑤1, … , 𝑤𝑛) ∈ ℕ𝑛
>0, the 𝑊 -𝑑𝑒𝑔𝑟𝑒𝑒:

deg𝑊 (𝑥𝑘1
1 ⋯ 𝑥𝑘𝑛𝑛 ) = 𝑤1𝑘1 + ⋯ + 𝑤𝑛𝑘𝑛.
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An Illustrative Example

Let (𝑔1, 𝑔2, 𝑔3) = (𝑥1 + 𝑥2 + 𝑥3, 𝑥2
1 + 𝑥2

2 + 𝑥2
3, 𝑥3

1 + 𝑥3
2 + 𝑥3

3) and

⋄ 𝑓 = 𝑥3
1 + 𝑥3

2 + 𝑥3
3 − 2𝑥1𝑥2𝑥3 − 𝑥1 − 𝑥2 − 𝑥3

Find ℎ ∈ 𝕂[𝑦1, 𝑦2, 𝑦3] such that ℎ(𝑔1, 𝑔2, 𝑔3) = 𝑓

deg(ℎ) ≤ deg(𝑓) = 3

0. Take 𝜶 = (4, 6, 0)
1. 𝑷 = (𝑔1 − 𝑦1 − 𝑔1(𝜶), 𝑔2 − 𝑦2 − 𝑔2(𝜶), 𝑔3 − 𝑦3 − 𝑔3(𝜶)) =

(𝑥1 + 𝑥2 + 𝑥3 − 𝑦1 − 10, 𝑥2
1 + 𝑥2

2 + 𝑥2
3 − 𝑦2 − 52, 𝑥3

1 + 𝑥3
2 + 𝑥3

3 − 𝑦3 − 280)
2. 𝜶 is a root of 𝑃(𝑥1, 𝑥2, 𝑥3, 0, 0, 0)
3. (𝑣1, 𝑣2, 𝑣3) = Lifting(𝑷 , 𝜶, 3)

= ( −1
512 𝑦1𝑦2𝑦3 − 11

96 𝑦3
1 + 33

4096 𝑦3
2 − 1

55296 𝑦3
3 + ⋯ , 11

2592 𝑦1𝑦2𝑦3 + 1
24 𝑦3

1 − 197
31104 𝑦3

2 +
29

1679616 𝑦3
3 + ⋯ , −95

41472 𝑦1𝑦2𝑦3 + 7
96 𝑦3

1 − 1715
995328 𝑦3

2 + 11
13436928 𝑦3

3 + ⋯ )

4. Compute 𝑓(𝑣1, 𝑣2, 𝑣3) = 270 + 1
3 𝑦3 + 10𝑦2 − 49𝑦1 + 𝑦1𝑦2 − 10𝑦2

1 − 1
3 𝑦3

1 + ⋯

5. ℎtrunc = − 1
3 𝑦3

1 − 10𝑦2
1 + 𝑦1𝑦2 − 49𝑦1 + 10𝑦2 + 1

3 𝑦3 + 270 //* deg 3 truncation of 𝑓(𝒗)

6. ℎ = ℎtrunc(𝑦1 + 𝑔1(𝜶), 𝑦2 + 𝑔2(𝜶), 𝑦3 + 𝑔3(𝜶)) = − 1
3 𝑦3

1 + 𝑦1𝑦2 − 𝑦1 + 1
3 𝑦3
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Even We Do Not Have The Degree Bounds?

Given: 𝑛 algebraically independent polynomials 𝑔1, … , 𝑔𝑛 in 𝕂[𝑥1, … , 𝑥𝑛] and a polynomial
𝑓 ∈ 𝕂[𝑔1, … , 𝑔𝑛]. Compute ℎ ∈ 𝕂[𝑦1, … , 𝑦𝑛] such that ℎ(𝑔1, … , 𝑔𝑛) = 𝑓 .

0. Take a random point 𝛼 ∈ 𝕂𝑛

1. Compute 𝑃 = (𝑔1 − 𝑦1 − 𝑔1(𝛼), … , 𝑔𝑛 − 𝑦𝑛 − 𝑔𝑛(𝛼)) in 𝕂[𝑥1, … , 𝑥𝑛, 𝑦1, … , 𝑦𝑛]
2. 𝛼 is a root of 𝑃(𝑥1, … , 𝑥𝑛, 0, … , 0)
3. (𝑣1, … , 𝑣𝑛) = Lifting(𝑃, 𝛼, 𝛥) in 𝕂[𝑦1, … , 𝑦𝑛], with 𝛥 ≥ deg(ℎ)
4. Compute 𝑓(𝑣1, … , 𝑣𝑛)
5. ℎtrunc = Truncation of 𝑓(𝑣1, … , 𝑣𝑛) at degree 𝛥
6. ℎ = ℎtrunc(𝑦1 + 𝑔1(𝛼), … , 𝑦𝑛 + 𝑔𝑛(𝛼))

a bound deg(ℎ) ≤ 𝛥
is known in advance

What if we do not know a bound for deg(ℎ)?
⋄ use Lifting(𝑷 , 𝜶, 𝛿) several times, for 𝛿 ∈ {2, 4, 8, 16, … }
⋄ for each 𝛿,

⋄ run steps 4., 5., and 6.
⋄ add step 7. check if ℎ(𝑔1, … , 𝑔𝑛) equals 𝑓
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Done: Given

⋄ 𝑛 algebraically independent polynomials 𝑔1, … , 𝑔𝑛 in 𝕂[𝑥1, … , 𝑥𝑛]
⋄ a polynomial 𝑓 ∈ 𝕂[𝑔1, … , 𝑔𝑛]

Compute the unique polynomial ℎ ∈ 𝕂[𝑦1, … , 𝑦𝑛] such that ℎ(𝑔1, … , 𝑔𝑛) = 𝑓

Todo:

⋄ faster algorithms; tight degree bounds for deg(ℎ) ?

⋄ extend to invariant rational functions

⋄ compute the Hironaka decomposition of the invariant ring

𝑓 =
𝑟

∑
𝑗=1

𝐹𝑗(𝑔1, … , 𝑔𝑛) ⋅ 𝜎𝑗

⋄ decomposing multivariate polynomials

given 𝑓; finding ℎ and 𝑔1, … , 𝑔𝑛

and solve decomposale polynomial systems?
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Solving composable polynomial systems

Given: polynomials 𝑭 = (𝑓1, … , 𝑓𝑛), 𝑯 = (ℎ1, … , ℎ𝑛) and 𝑮 = (𝑔1, … , 𝑔𝑛) with

𝑓𝑖 = ℎ𝑖(𝑔1, … , 𝑔𝑛) for 𝑖 = 1, … , 𝑛

Solve 𝑓1 = ⋯ = 𝑓𝑛 = 0?

𝑓1 = ℎ1(𝑔1(𝑥1, … , 𝑥𝑛), … , 𝑔𝑛(𝑥1, … , 𝑥𝑛))
⋮

𝑓𝑛 = ℎ𝑛(𝑔1(𝑥1, … , 𝑥𝑛), … , 𝑔𝑛(𝑥1, … , 𝑥𝑛))

𝑮 = (𝑔1, … , 𝑔𝑛)
ℂ𝑛 → ℂ𝑛

𝑯 = (ℎ1, … , ℎ𝑛)
ℂ𝑛 → ℂ𝑛𝑎 ∈ ℂ𝑛 𝑭 (𝑎)

𝑮(𝑎) 𝑯(𝑮(𝑎))

Direct evaluation

Inner map Outer function
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Main Result

Let

⋄ 𝑭 = (𝑓1, … , 𝑓𝑛): polynomials in ℚ[𝑥1, … , 𝑥𝑛] with 𝑓𝑖 = ℎ𝑖(𝑔1, … , 𝑔𝑛)
⋄ 𝐿ℎ and 𝐿𝑔: sizes of 𝑯 and 𝑮 respectively
⋄ 𝐶 = deg(ℎ1) ⋯ deg(ℎ𝑛) and 𝐸 = (deg(ℎ1) + 1) ⋯ (deg(ℎ𝑛) + 1)
⋄ 𝐷 = deg(𝑔1) ⋯ deg(𝑔𝑛) and 𝐽 = (deg(𝑔1) + 1) ⋯ (deg(𝑔𝑛) + 1).

Theorem

There exists a randomized algorithm to compute a zero-dimensional
parametrization of the non-singular points of 𝑭 = 0 with the complexity

𝑂 (̃𝑛(𝐿ℎ + 𝐿𝑔 + 𝑛2)(𝐶𝐸 + 𝐷𝐽 + 𝐷𝐶))

operations in ℚ.

Note: • size of 𝑭 is 𝑂(𝐿ℎ + 𝐿𝑔) • most of the cases 𝐶 ⋅ 𝐷 ≪ deg(𝑓1) ⋯ deg(𝑓𝑛)
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Zero-dimensional Parametrizations

Let 𝑉 ⊂ ℂ𝑛 be a finite set defined by polynomials in ℚ[𝑥1, … , 𝑥𝑛].
Rational Univariate Representation (R.U.R)
A R.U.R R = ((𝑞, 𝑣1, … , 𝑣𝑛), 𝜆) of 𝑉

⋄ a square-free poly 𝑞 ∈ ℚ[𝑇 ] with deg(𝑞) = |𝑉 |
⋄ polynomials 𝑣1, … , 𝑣𝑛 ∈ ℚ[𝑇 ], with deg(𝑣𝑖) < deg(𝑞)

𝑞(𝑇 ) = 0, 𝑥𝑖 = 𝑣𝑖(𝑇 )
𝑞′(𝑇 ) with 𝑞′ = 𝜕𝑞

𝜕𝑇

⋄ a linear form 𝜆 = 𝜆1𝑥1 + ⋯ + 𝜆𝑛𝑥𝑛 with 𝜆𝑖 ∈ ℚ

𝜆(𝑣1, … , 𝑣𝑛) ≡ 𝑇 𝑞′ (mod 𝑞)

For 𝑉 = {(1, 0), (0, 1)},
⋄ 𝑞(𝑇 ) = 𝑇 2 − 4𝑇 + 3
⋄ 𝑣1(𝑇 ) = 𝑇 − 3
⋄ 𝑣2(𝑇 ) = 𝑇 − 1
⋄ 𝜆 = 𝑥1 + 3𝑥2

𝑇 = 1, (𝑥1, 𝑥2) = (1, 0)
⋄ 𝑣1(1)

𝑞′(1) = −2
−2 = 1

⋄ 𝑣2(1)
𝑞′(1) = 0

−2 = 0

𝑇 = 3, (𝑥1, 𝑥2) = (0, 1)
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Define:
𝑤𝑖 ≡ (𝑞′)−1𝑣𝑖 (mod 𝑞)

Geometric Resolution S = ((𝑞, 𝑤1, … , 𝑤𝑛), 𝜆) of 𝑉
𝑞(𝑇 ) = 0, 𝑥𝑖 = 𝑤𝑖(𝑇 ), 𝜆(𝑤1, … , 𝑤𝑛) = 𝑇

𝑤1(𝑇 ) = 3
2 − 𝑇

2 , 𝑤2(𝑇 ) = − 1
2 + 𝑇

2 S ← RUR_to_GR(R) 𝑂 (̃𝑛 deg(𝑞))
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Global Newton-Hensel Lifting

Let (𝜁1(𝑥1, … , 𝑥𝑛, 𝑇 ), … , 𝜁𝑛(𝑥1, … , 𝑥𝑛, 𝑇 )) ⊂ ℚ[𝑥1, … , 𝑥𝑛, 𝑇 ]𝑛

Given 𝑞(𝑈), 𝑣1(𝑈), … , 𝑣𝑛(𝑈)-univar. polynomials

𝑞(𝑈) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑣1(𝑈)
⋯

𝑥𝑛 = 𝑣𝑛(𝑈),
𝜻(𝒗) = 0 mod ⟨𝑇 𝑚, 𝑞(𝑈)⟩

⎧{{{{
⎨{{{{⎩

𝜁1 = 𝑥1 + 𝑥2 − 𝑇 − 1
𝜁2 = 𝑥1𝑥2 − 𝑇
𝑞(𝑈) = 𝑈2 − 4𝑈 + 3
𝑣1(𝑈) = 3/2 − 𝑈/2
𝑣2(𝑈) = −1/2 + 𝑈/2

𝜁𝑖(𝑣1, 𝑣2) ≡ −𝑇 mod 𝑞(𝑈)
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Global Newton-Hensel Lifting
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𝑄(𝑈, 𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑥1 = 𝑉1(𝑈)
⋯

𝑥𝑛 = 𝑉𝑛(𝑈),
𝜻(𝑽 ) = 0 mod ⟨𝑇 𝛿, 𝑄(𝑈, 𝑇 )⟩ with 𝛿 ≥ 𝑚

⎧{{{{
⎨{{{{⎩

𝜁1 = 𝑥1 + 𝑥2 − 𝑇 − 1
𝜁2 = 𝑥1𝑥2 − 𝑇
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𝜁𝑖(𝑣1, 𝑣2) ≡ −𝑇 mod 𝑞(𝑈)

Then 𝑄(𝑈, 𝑇 ) = 𝑈2 − 4𝑈 + 3 + 2𝑇 (5 − 𝑈), 𝑉1 = 3
2 − 𝑈

2 + 3𝑇
2 , 𝑉2 = − 1

2 + 𝑈
2 − 𝑇

2
with 𝜁1(𝑉1, 𝑉2) = −1/4(𝑈2 − 4𝑈 + 3 − 4𝑈𝑇 + 10𝑇 + 3𝑇 2) ≡ 𝑇 2 mod 𝑄(𝑈, 𝑇 )
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Given: ⋄ polynomials 𝜻 = (𝑓1, … , 𝑓𝑛) in ℚ[𝑥1, … , 𝑥𝑛, 𝑇 ]
⋄ monic poly. 𝑞(𝑈) and polys. 𝒗 = (𝑣𝑖(𝑈))𝑛

𝑖=1 with deg(𝑣𝑖) < deg(𝑞)
⋄ linear form 𝜆 = 𝜆1𝑥1 + ⋯ + 𝜆𝑛𝑥𝑛 and 𝛿 ∈ ℕ≥0

Assumptions: ⋄ the Jacobian matrix of 𝜻 w.r.t 𝑿 is invertible at 𝒗 mod 𝑞(𝑈)
⋄ 𝜻(𝒗) ≡ 0 (mod ⟨𝑇 𝑚, 𝑞(𝑈)⟩)
⋄ 𝜆(𝒗) ≡ 𝑈 mod 𝑞(𝑈)

GLS_Lifting(𝜻, 𝑞, 𝒗, 𝜆, 𝛿)
⋄ 𝑽 ← 𝒗, 𝑄 ← 𝑞, 𝑘 ← 𝑚, 𝐽 ← 𝜕𝜻

𝜕𝑿 // Initialize

⋄ 𝒘𝒉𝒊𝒍𝒆 𝑘 < 𝛿 𝒅𝒐 // Update (𝑄, 𝑉 )
𝑽 ← 𝑽 − 𝐽(𝑽 )−1𝜻(𝑽 ) mod ⟨𝑇 𝑘, 𝑄⟩
𝛥 ← 𝜆(𝑽 ) − 𝑈
𝑽 ← 𝑽 − ( 𝜕𝑽

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑄 ← 𝑄 − ( 𝜕𝑄

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑘 ← 2𝑘

⋄ 𝒆𝒏𝒅 𝒘𝒉𝒊𝒍𝒆
⋄ return (𝑄, 𝑽 )
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𝑘 ← 2𝑘

⋄ 𝒆𝒏𝒅 𝒘𝒉𝒊𝒍𝒆

⋄ return (𝑄, 𝑽 )

21 / 30



Given: ⋄ polynomials 𝜻 = (𝑓1, … , 𝑓𝑛) in ℚ[𝑥1, … , 𝑥𝑛, 𝑇 ]
⋄ monic poly. 𝑞(𝑈) and polys. 𝒗 = (𝑣𝑖(𝑈))𝑛

𝑖=1 with deg(𝑣𝑖) < deg(𝑞)
⋄ linear form 𝜆 = 𝜆1𝑥1 + ⋯ + 𝜆𝑛𝑥𝑛 and 𝛿 ∈ ℕ≥0

Assumptions: ⋄ the Jacobian matrix of 𝜻 w.r.t 𝑿 is invertible at 𝒗 mod 𝑞(𝑈)
⋄ 𝜻(𝒗) ≡ 0 (mod ⟨𝑇 𝑚, 𝑞(𝑈)⟩)
⋄ 𝜆(𝒗) ≡ 𝑈 mod 𝑞(𝑈)

GLS_Lifting(𝜻, 𝑞, 𝒗, 𝜆, 𝛿)
⋄ 𝑽 ← 𝒗, 𝑄 ← 𝑞, 𝑘 ← 𝑚, 𝐽 ← 𝜕𝜻

𝜕𝑿 // Initialize

⋄ 𝒘𝒉𝒊𝒍𝒆 𝑘 < 𝛿 𝒅𝒐 // Update (𝑄, 𝑉 )
𝑽 ← 𝑽 − 𝐽(𝑽 )−1𝜻(𝑽 ) mod ⟨𝑇 𝑘, 𝑄⟩
𝛥 ← 𝜆(𝑽 ) − 𝑈
𝑽 ← 𝑽 − ( 𝜕𝑽

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑄 ← 𝑄 − ( 𝜕𝑄

𝜕𝑈 ⋅ 𝛥 mod ⟨𝑇 𝑘, 𝑄⟩)
𝑘 ← 2𝑘

⋄ 𝒆𝒏𝒅 𝒘𝒉𝒊𝒍𝒆
⋄ return (𝑄, 𝑽 )

a particular case of
Alg. 1, Giusti–

Lecerf–Salvy, 2001
𝑂 (̃(𝑛𝐿 + 𝑛𝜔) deg(𝑞)𝛿)

𝐿: size of 𝜻
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Symbolic Homotopy Continuation

Given: polynomials 𝑯 = (ℎ1, … , ℎ𝑛) in ℚ[𝑥1, … , 𝑥𝑛] of size 𝐿
Compute: a zero-dimensional parametrization of the isolated points of 𝑯 = 0
Denote: 𝐶 = deg(ℎ1) ⋯ deg(ℎ𝑛) and 𝐸 = (deg(ℎ1) + 1) ⋯ (deg(ℎ𝑛) + 1)

Symbolic_Homotopy(𝑯)

⋄ construct “start system” 𝑝𝑖 as product of deg(ℎ𝑖) random linear forms

⋄ compute a RUR R0 = (𝑞0, (𝑣0,1, … , 𝑣0,𝑛), 𝑢) of 𝑷 = (𝑝1, … , 𝑝𝑛)
𝑞0, 𝑣0,𝑖 ∈ ℚ[𝑈]; Gaussian elimination + interpolation; 𝑂(𝐶𝑛3)

⋄ define a homotopy 𝑹(𝑿, 𝑇 ) = (1 − 𝑇 ) ⋅ 𝑯(𝑿) + 𝑇 ⋅ 𝑷 (𝑿)
⋄ lift R0 along 𝑹 to a RUR R in ℚ[[𝑇 ]]/⟨𝑇 2𝐸⟩

R ← GLS_Lifting(𝑹, 𝑞0, 𝒗0, 𝑢, 𝐸); 𝐸: degree of homotopy curve 𝑂((𝑛𝐿′ + 𝑛𝜔)𝐶𝐸)

⋄ rational reconstruction on R to obtain RUR S ⊂ ℚ(𝑇 ) 𝑂 (̃𝐶𝐸𝑛)
⋄ deduce a RUR R1 over 𝑘 𝑂 (̃𝐶𝐸𝑛)
⋄ Remove non-isolated points in 𝑉 (𝑯) 𝑂 (̃𝐶6(𝑛4 + 𝑛𝐿′))
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[*] Remove singular points 𝑂 (̃𝐶2(𝑛3 + 𝑛𝐿′))
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Our problem:
⎧{{
⎨{{⎩

𝑓1 = ℎ1(𝑔1(𝑥1, … , 𝑥𝑛), … , 𝑔𝑛(𝑥1, … , 𝑥𝑛))
⋮

𝑓𝑛 = ℎ𝑛(𝑔1(𝑥1, … , 𝑥𝑛), … , 𝑔𝑛(𝑥1, … , 𝑥𝑛))

Done:
⎧{{
⎨{{⎩

ℎ1(𝑦1, … , 𝑦𝑛) = 0
⋮

ℎ𝑛(𝑦1, … , 𝑦𝑛) = 0

⋄ (𝑞ℎ(𝑇 ), 𝑣1(𝑇 ), … , 𝑣𝑛(𝑇 ), 𝜇): a geometric resolution of 𝑯 = 0
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𝑔𝑛(𝑥1, … , 𝑥𝑛) = 𝑣𝑛(𝑇 )

⋄ (𝑞ℎ(𝑇 ), 𝑣1(𝑇 ), … , 𝑣𝑛(𝑇 ), 𝜇): a geometric resolution of 𝑯 = 0

𝑞ℎ(𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑦1 = 𝑣1(𝑇 )
⋮

𝑦𝑛 = 𝑣𝑛(𝑇 )
𝜇(𝑣1, … , 𝑣𝑛) ≡ 𝑇 mod 𝑞ℎ(𝑇 ), deg(𝑞ℎ) ≤ 𝐶
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Solving the inner system

𝑔1(𝑥1, … , 𝑥𝑛) − 𝑣1(𝑇 ) = ⋯ = 𝑔𝑛(𝑥1, … , 𝑥𝑛) − 𝑣𝑛(𝑇 ) = 0

Find: 𝑄(𝑈, 𝑇 ) ∈ ℚ[𝑈, 𝑇 ], 𝑽 = (𝑉1, … , 𝑉𝑛) ∈ ℚ[𝑈, 𝑇 ]𝑛, 𝜆 = 𝜆1𝑥1 + ⋯ + 𝜆𝑛𝑥𝑛

with 𝑮(𝑉1, … , 𝑉𝑛) − 𝑽 (𝑇 ) ≡ 0 and 𝜆(𝑉1, … , 𝑉𝑛) ≡ 𝑈 mod ⟨𝑇 𝐶 , 𝑄(𝑈, 𝑇 )⟩

Main idea: GLS_Lifting, with full-rank Jacobian?

random shift 𝑆 ∶= 𝑇 − 𝑠0, 𝑠0 ∈ ℚ

Parametric(𝑮, 𝑽 , 𝐶) 𝐷 = deg(𝑔1) ⋯ deg(𝑔𝑛) 𝐽 = (deg(𝑔1) + 1) ⋯ (deg(𝑔𝑛) + 1)

1. 𝑷 (𝑿, 𝑆) ← 𝑮(𝑿) − 𝑽 (𝑆 + 𝑠0)
2. (𝑞, (𝑤1, … , 𝑤𝑛), 𝜆) ← geometric resolution of 𝑷 (𝑿, 0) //* in ℚ[𝑈] 𝑂 (̃𝐷𝐽𝑛(𝐿𝑔 + 𝑛2))

3. (𝑄shift, (𝑉1,shift, … , 𝑉𝑛,shift)) ← GLS_Lifting(𝑷 , 𝑞, 𝒘, 𝜆, 2𝐶) 𝑂 (̃𝑛(𝐿𝑔 + 𝑛2) 𝐷 𝐶)

4. 𝑄poly ← RationalReconstruct(𝑄shift, 𝐶); 𝑉𝑖,poly ← RationalReconstruct(𝑉𝑖,shift, 𝐶)
5. 𝑄(𝑈, 𝑇 ) ← 𝑄poly(𝑈, 𝑇 − 𝑠0); 𝑉𝑖(𝑈, 𝑇 ) ← 𝑉𝑖,poly(𝑈, 𝑇 − 𝑠0)
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Our problem:
⎧{{
⎨{{⎩

𝑓1 = ℎ1(𝑔1(𝑥1, … , 𝑥𝑛), … , 𝑔𝑛(𝑥1, … , 𝑥𝑛))
⋮

𝑓𝑛 = ℎ𝑛(𝑔1(𝑥1, … , 𝑥𝑛), … , 𝑔𝑛(𝑥1, … , 𝑥𝑛))

Done:
⎧{{
⎨{{⎩

ℎ1(𝑦) = 0
⋮

ℎ𝑛(𝑦) = 0

Remain:

𝑞ℎ(𝑇 ) = 0,
⎧{{
⎨{{⎩

𝑔1(𝑥) = 𝑣1(𝑇 )
⋮

𝑔𝑛(𝑥) = 𝑣𝑛(𝑇 )
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Remain of Remain:

𝑞ℎ(𝑇 ) = 0, 𝑄(𝑈, 𝑇 ) = 0

⎧{{
⎨{{⎩

𝑥1 = 𝑉1(𝑈, 𝑇 )
⋮

𝑥𝑛 = 𝑉𝑛(𝑈, 𝑇 )

1. (𝛹prec(𝑆), 𝜐(𝑆), 𝜏(𝑆), 𝑈) ← a geometric resolution of 𝑄(𝑈, 𝑇 ) = 𝑞ℎ(𝑇 ) = 0
/* Symbolic_Homotopy(𝑄, 𝑞ℎ) */

2. 𝑊𝑖,prec(𝑆) ← 𝑉𝑖(𝜐(𝑆), 𝜏(𝑆))
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Sum Up – The Main Algorithm

Given: 𝑯 = (ℎ1, … , ℎ𝑛) ∈ ℚ[𝑦1, … , 𝑦𝑛]𝑛, 𝑮 = (𝑔1, … , 𝑔𝑛) ∈ ℚ[𝑥1, … , 𝑥𝑛]𝑛

Compute: a zero-dimensional parametrization (𝛹(𝑆), (𝑊1(𝑆), … , 𝑊𝑛(𝑆), 𝜆)) of
isolated/regular points of 𝑯(𝑮(𝑿)) = 0.

Solve_h_circ_g(h,g)

1. (𝑞ℎ(𝑇 ), 𝑣1(𝑇 ), … , 𝑣𝑛(𝑇 ), 𝜇) ← a geometric resolution of 𝑯 = 0
/* Symbolic_Homotopy → RUR_to_GR */

2. 𝐶 ← deg(𝑞ℎ) 𝐶 ≤ ∏ deg(ℎ𝑖)

3. (𝑄(𝑈, 𝑇 ), 𝑉1(𝑈, 𝑇 ), … , 𝑉𝑛(𝑈, 𝑇 ), 𝜆) ← Parametric(𝑮, 𝑽 , 𝐶)

4. (𝛹prec(𝑆), 𝜐(𝑆), 𝜏(𝑆), 𝑈) ← a geometric resolution of 𝑄(𝑈, 𝑇 ) = 𝑞ℎ(𝑇 ) = 0
/* Symbolic_Homotopy → RUR_to_GR */

5. 𝑊𝑖,prec(𝑆) ← 𝑉𝑖(𝜐(𝑆), 𝜏(𝑆))

6. (𝛹(𝑆), (𝑊1(𝑆), … , 𝑊𝑛(𝑆), 𝜆)) ← Remove (𝛹prec(𝑆), (𝑾prec(𝑆), 𝜆))
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An Example 𝑓1 = ℎ1(𝑔1, 𝑔2), 𝑓2 = ℎ2(𝑔1, 𝑔2)

Solve:

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1
𝑓2 = 𝑥2

1𝑥2
2 + 𝑥1𝑥2

Outer system:

{ℎ1 = 𝑦1 − 𝑦2
ℎ2 = 𝑦2

2 + 𝑦2

Inner system:

{𝑔1 = 𝑥1 + 𝑥2
𝑔2 = 𝑥1𝑥2

⋄ GR of ℎ1 = ℎ2 = 0:
𝑞ℎ(𝑇 ) = 𝑇 2 + 𝑇 , 𝑣1(𝑇 ) = 𝑇 + 1, 𝑣2(𝑇 ) = 𝑇

⋄ Parametric(𝑮, 𝑽 , 𝐶), with 𝐶 = deg(𝑔1) ⋅ deg(𝑔2) = 2:
𝜆 = 𝑥1 + 3𝑥2

𝑄(𝑈, 𝑇 ) = 𝑈2 − (4𝑇 + 4)𝑈 + (3𝑇 2 + 10𝑇 + 3)
𝑉1(𝑈, 𝑇 ) = 3

2 − 𝑈
2 + 3𝑇

2 𝑉2(𝑈, 𝑇 ) = − 1
2 + 𝑈

2 − 𝑇
2

⋄ GR of 𝑄(𝑈, 𝑇 ) = 𝑞ℎ(𝑇 ) = 0:
𝛹(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12

𝜐(𝑆) = 𝑆, 𝜏(𝑆) = 4
15 𝑆3 − 9

15 𝑆2 − 16
15 𝑆 − 21

15

⋄ Final GR of 𝑓1 = 𝑓2 = 0:
𝜆 = 𝑥1 + 3𝑥2, 𝛹(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12

𝑊1(𝑆) = 2
5 𝑆3 − 9

10 𝑆2 − 21
10 𝑆 + 18

5 , 𝑊2(𝑆) = − 2
15 𝑆3 + 3

10 𝑆2 + 31
30 𝑆 − 6

5
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Solve:

{𝑓1 = 𝑥1 + 𝑥2 − 𝑥1𝑥2 − 1
𝑓2 = 𝑥2

1𝑥2
2 + 𝑥1𝑥2

Outer system:

{ℎ1 = 𝑦1 − 𝑦2
ℎ2 = 𝑦2

2 + 𝑦2

Inner system:

{𝑔1 = 𝑥1 + 𝑥2
𝑔2 = 𝑥1𝑥2

⋄ a GR of 𝑓1 = 𝑓2 = 0:

𝜆 = 𝑥1 + 3𝑥2, 𝛹(𝑆) = 𝑆4 − 4𝑆3 − 𝑆2 + 16𝑆 − 12 = 0,
⎧{
⎨{⎩

𝑊1(𝑆) = 2
5 𝑆3 − 9

10 𝑆2 − 21
10 𝑆 + 18

5 ,

𝑊2(𝑆) = − 2
15 𝑆3 + 3

10 𝑆2 + 31
30 𝑆 − 6

5

⋄ 𝛹(𝑆) = 0 has 4 solutions 𝑆 ∈ {−2, 1, 2, 3}. The solutions of 𝑓1 = 𝑓2 = 0 are
(𝑥1, 𝑥2) = (𝑊1(𝑆), 𝑊2(𝑆) ∈ {(1, −1), (1, 0), (−1, 1), (0, 1)}

Final Remark: Solving the 𝑓1 = 𝑓2 = 0 directly gives a bound

deg(𝑓1) ⋅ deg(𝑓2) = 8 > 4

on the number of points we need to compute.
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Done: a polynomial time (in the sizes of the input and the output) algorithm to
compute a zero-dimensional parametrization of a system composable polynomials

𝑓1 = ℎ1(𝑔1, … , 𝑔𝑛), … , 𝑓𝑛 = ℎ𝑛(𝑔1, … , 𝑔𝑛)

Todo:

⋄ hybrid numeric-symbolic algorithms

⋄ exploiting the sparsity

⋄ real solutions (emptiness, connectivity of real algebraic sets, …)

⋄ applications in optimization, cryptology, …
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