On the (De)composable Polynomials

Thi Xuan Vu

University of Lille, France



Computing representation in subrings of multivariate polynomial rings
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An Example

(e=1)?+ -1+ (-1 =4
¢ symmetric
oty +22—2x+y+2)—1=0

o (z+y+2)?—2@y+yz+z2z)—2x+
y+z2)—1=0

o e?—2e,—2¢,—1=0

e, elementary symmetric polynomial of

degree k.
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Unique Representation in Subrings

Theorem [Fundamental Thm of symm. polynomials]

For any symmetric polynomial f € K[z, ..., z,], there is a unique polynomial
h € K[y, ..., y,,) such that

hiey(zy, ooy 2,,), s (Xyy.ym,)) = f.
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Unique Representation in Subrings

Theorem [Fundamental Thm of symm. polynomials]

For any symmetric polynomial f € K[z, ..., z,], there is a unique polynomial
h € K[y, ..., y,,) such that

hiey(zy, ooy 2,,), s (Xyy.ym,)) = f.

Given f, compute h algorithmically?
In general, given

o n algebraically independent polynomials g4, ..., g, in K[zq,...,z,]

o a polynomial f € K[g,,...,g,], where K[gy, ..., g,] is the subring of
Klzy,...,x,] generated by (g;,...,9,)

There is a unique polynomial k € Ky, ..., y,,] such that

h(glﬂ vgn) = f
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Algebraic Independence

Let g, ...,9, be polynomials in K[z, ..., x,]

Definition

g1 -+, 9, are called algebraically independent (A. ID) if there is no non-zero
polynomial A € K[y, ..., y,,] such that A(gy,...,g,) = 0.
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Algebraic Independence

, g, be polynomials in K[z, ..., x,]

Let g4, ...

Definition
g1 -+, 9, are called algebraically independent (A. ID) if there is no non-zero
,Yy] such that A(gy,...,g,) =0.

polynomial A € K[y, ...

Example:
o elementary symmetric polys (x + y + z, 2y + yz + zx, zyz) are A. ID

o (x,y) are A. ID

o but (z,y,2% + y*) are not A. ID since
Az, y, 2?2 +y%) = 0 with A = y3 +y3 — ys
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Our First Problem

Given

o n algebraically independent polynomials g4, ..., g, in K[zq,...,z,]

o a polynomial f € K[gy, ..., 9,]

Compute the unique polynomial h € K[y, ..., y,] such that

h’(gla ag'n> = f

5 /30



Our First Problem

Given

o n algebraically independent polynomials g4, ..., g, in K[zq,...,z,]

o a polynomial f € K[gy, ..., 9,]

Compute the unique polynomial h € K[y, ..., y,] such that

h’(gla ag'n> = f

Theorem [V., 2025]

There exists a randomized algorithm to compute h with the complexity being
O ((nLy +n*+ Ly) - M(A, n)) operations in K.

with deg(h) < A and

o Ly and L, are the sizes of (g4, ...,9,) and f respectively

o M(A,n): the cost of multiplying n-variate polynomials of total degree A
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State of The Art

Grobner basis strategy (eliminate z;'s):

o consider polynomial ring K[z, ..., z,,¥;,...,Y,] and a monomial order
[1'17 7x7J - [ylv vyn]

o B =GB(g, —Y1:- Gy — Yp) WLt =
o h = Remainder(f,B)
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State of The Art

Grobner basis strategy (eliminate z;'s):

o consider polynomial ring K[z, ..., z,,¥;,...,Y,] and a monomial order
P I [TA T

o B=GB(g; — Y1, 9y — Yp) Wt =

o h = Remainder(f,B)

Strategy Applicable To Complexity
Grobner basis General Not fully analyzed
Gaudry et al. (2006) f symmetric, g; = ¢; 47 ()2 Ly +2
Blaser—Jindal (2018) f symmetric, g; = ¢; O(d? Ly + d?n?)
Chaugule et al. (2023) f symmetric, various bases 6(d2L2 +d*n?)
Vu (2025) General O((nL, +nt4+Ly) M (A, n))

Ly and L,: sizes of (gq,...,9,) and f; d=deg(f); A =deg(h)
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Our Main Tool: the Hensel-Newton Lifting

Hensel's lemma (lifting roots modulo powers) + Newton iteration

r

Let
o P =(py,...,p,,) be n polynomials in Kz, ...,2,,, ¥y, Y,,]
o o= (ay,...,qa,) be asolution of P(z,...,z,,0,...,0)
Assume

o the Jacobian matrix of P(xy,...,x,,0,...,0) has full rank n at

n?

Then there is a unique v = (vy, ...,v,,) of power series in K[[y;,...,v,,]]

v(0,...,0) =a and p;(v,y)=-=p,(v,y)=0.
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Our Main Tool: the Hensel-Newton Lifting

Hensel's lemma (lifting roots modulo powers) + Newton iteration

( R

Let
o P =(py,...,p,,) be n polynomials in Kz, ...,2,,, ¥y, Y,,]
o o= (ay,...,qa,) be asolution of P(z,...,z,,0,...,0)
Assume

o the Jacobian matrix of P(xzq,...,x,,0,...,0) has full rank n at

n?

Then there is a unique v = (vy, ...,v,,) of power series in K[[y;,...,v,,]]

v(0,...,0) =a and p;(v,y)=-=p,(v,y)=0.

. J

Example: Let P = (p,,p,) = (2 + 2y —y; — 2,27 + 23 —y, — 10) and
o a=(—1,3) is a root of P(x,7,,0,0) = (z; + x5, — 2,27 + 23 — 10)

o rank(jac)(a) = 2 with jac = ( ! ! ) .

2z, 2w,
Then v, = =1+ 3/4y, + —1/8y, + -+ and vy = 3+ 1/4y, + 1/8y, + -
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s

Let

o P =(py,...,p,) be n polynomials in K[z, ..., 2, ¥y, -, Y]

o a=(ay,...,qa,) be a solution of P(z,...,z,,0,...,0)
Assume
¢ the Jacobian matrix of P(zq,...,z,,0,...,0) has full rank n at
Then there is a unique v = (vy, ..., v,,) of power series in K[[y;,...,v,,]]
v(0,...,0) =a and p(v,y)=--=p,(v,y) =0.

.

Moreover, we can compute the truncation of v to an arbitrary degree .
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Let

o P =(py,...,p,) be n polynomials in K[z, ...,2,, Y1, 9, ]

o a=(ay,...,qa,) be a solution of P(z,...,z,,0,...,0)
Assume
¢ the Jacobian matrix of P(zq,...,z,,0,...,0) has full rank n at
Then there is a unique v = (vy, ..., v,,) of power series in K[[y;,...,v,,]]
v(0,...,0) =a and p(v,y)=--=p,(v,y) =0.

.

Moreover, we can compute the truncation of v to an arbitrary degree .

Lifting(P, v, §):

0)

1. Initialize v9 = o
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Let

o P =(py,...,p,) be n polynomials in K[z, ...,2,, Y1, 9, ]

o a=(ay,...,qa,) be a solution of P(z,...,z,,0,...,0)
Assume
¢ the Jacobian matrix of P(zq,...,z,,0,...,0) has full rank n at
Then there is a unique v = (vy, ..., v,,) of power series in K[[y;, ..., ¥,,]]
U(Oa 70) =a and p1<’l),y) == pn(v7y) = 0.

.

Moreover, we can compute the truncation of v to an arbitrary degree .

Lifting(P, v, §):
1. Initialize v*) =

2. For k=1 to [log,(d)] do:

k— _
oY (@ y)
o = [ = (jac(F Y, y)) :
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s

Let

o P =(py,...,p,) be n polynomials in K[z, ...,2,, Y1, 9, ]

o a=(ay,...,qa,) be a solution of P(z,...,z,,0,...,0)
Assume
¢ the Jacobian matrix of P(zq,...,z,,0,...,0) has full rank n at
Then there is a unique v = (vy, ..., v,,) of power series in K[[y;, ..., ¥,,]]
U(Oa 70) =a and p1<’l),y) == pn(v7y) = 0.

.

Moreover, we can compute the truncation of v to an arbitrary degree .

Lifting(P, v, §):
1. Initialize v*) =

2. For k=1 to [log,(d)] do:

k— _
oY (@ y)
k) = : — (jac(v*~1) y)) :

3. Return v(llog:(d)])

8 /30




The First Version of Our Main Algorithm

Given
o n algebraically independent polynomials gy, ..., g, in K[zy,...,z,]
o a polynomial f € K[gy, ..., ,,]

Compute the unique polynomial h € K[y, ..., y,] such that

h(gys s 90) = f
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Compute the unique polynomial h € K[y, ..., y,] such that

h(gla agn) = f

[ 1. Consider polynomials P = (g1 — Y1, - s Gn, — Yp) In K[T1, ooy T, Ypy ooy Y ]
2. Let a be a root of P(x4,...,2,,0,...,0) = (91, .., 9,)
3. (Vg y0,) = Lifting(P, o, A) in Klyg, ..., y,], with A > deg(h)
4. Compute f(vy,...,v,)

| 5. h = Truncation of f(vqg,...,v,) at degree A )

A The Jacobian matrix of (g;,...,g,,) might not has full rank at «
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The First Version of Our Main Algorithm

Given
o n algebraically independent polynomials gy, ..., g, in K[zy,...,z,]
o a polynomial f € K[gy, ..., ,,]

Compute the unique polynomial h € K[y, ..., y,] such that

h(gla agn) = f

Consider polynomials P = (g; — Y15+ » 9, — Yn) in K[T1, ooy Ty Yps ov s YUy
Let o be a root of P(xy,...,2,,0,...,0) = (91,---, 9,)

(V1 ..y v,,) = Lifting( P, o, A) in Ky, oo, 4,,], with A > deg(h)

Compute f(vy,...,v,)

AR R

h = Truncation of f(vy,...,v,,) at degree A

. J

Example:

1 1
g, =2, +x, and g, = 2} + 23, a = (0,0) is a root of g, gy, and jac = (2,. )
9 /30



Ensuring Full-rank Jacobian Matrices at Solutions

Lemma

Let
o (g1y-,Gy,) be polynomials in K[z, ..., z,]
o a=(ay,...,qa,) be a random point in K"
Then

o acisaroot of P = (g, — ¢gy(@),..., g, —9,(cx)) and

o the Jacobian matrix of P has full rank at o
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Ensuring Full-rank Jacobian Matrices at Solutions

Lemma

Let
o (g1y-,Gy,) be polynomials in K[z, ..., z,]
o a=(ay,...,qa,) be a random point in K"
Then

o acisaroot of P = (g, — ¢gy(@),..., g, —9,(cx)) and

o the Jacobian matrix of P has full rank at o

Example: With g, = 2, + 2,9, = 27 + 23 and a = (—1,3). Then

o P=(x;+1,—gy(a),z} + 23 — gy()) = (2, + 2, — 2,27 + 23 — 10)

10 / 30



Ensuring Full-rank Jacobian Matrices at Solutions

Lemma

Let
o (g1y-,Gy,) be polynomials in K[z, ..., z,]
o a=(ay,...,qa,) be a random point in K"
Then

o acisaroot of P = (g, — ¢gy(@),..., g, —9,(cx)) and

o the Jacobian matrix of P has full rank at o

Example: With g, = 2, + 2,9, = 27 + 23 and a = (—1,3). Then
o P=(,+m—gi(a),27 + 25— g(@)) = (2 + 7, — 2,21 + 25— 10)
1 1 1 1
o jac(P) = and jac(P)(a) = has full rank 2.
2z, 2z, 4 20
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The Main Algorithm

Given
o n algebraically independent polynomials gy, ..., g, in K[zy,...,z,]
o a polynomial f € K[gy, ..., ,,]

Compute the unique polynomial h € K[y, ..., y,] such that

h(gla agn) = f
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Some Degree Bounds

Given W = (wy, ... ,w,,) € N2, the W-degree:

degW(;L']f1 bLfL) =w k; + - +w,k,.
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Some Degree Bounds

Given W = (wy, ... ,w,,) € N2, the W-degree:
Aot (& 282 = w44
A poly is called 1W-homogeneous if all monomials have the same W-degree.

Example: With W = (5,2), g, = z7 + 23 is W-homogeneous with deg,,,

(g,) =10 and

gy = T4 is W-homogeneous with deg,(g,) = 2.
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Some Degree Bounds

Given W = (wy, ... ,w,,) € N2, the W-degree:
o (0l ) = w4k 0k
A poly is called 1W-homogeneous if all monomials have the same W-degree.

Example: With W = (5,2), g, = x7 + 23 is W-homogeneous with deg,(g;) = 10 and

gy = @ is W-homogeneous with deg,(g,) =2. Let f=af. Then h =y, —yj and
degy,, (h) = degy, (f) = 10, where W’ = (degy, (g, ), degy, (g2)) = (10,2).
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Some Degree Bounds

Given W = (wy, ... ,w,,) € N2, the W-degree:
degw(acll€1 xﬁ") =wi k) + - +w,k,.
A poly is called 1W-homogeneous if all monomials have the same W-degree.

Example: With W = (5,2), g, = x7 + 23 is W-homogeneous with deg,(g;) = 10 and
gy = @ is W-homogeneous with deg,(g,) =2. Let f=af. Then h =y, —yj and
degw/(h) = degw'(f) =10, where W’ = (degw'(gl)~, degw(gz)) - (107 2)'

Lemma

Let W = (wy,...,w,) € NZ; and
o (g1, ... ,gn) be 1/-homogeneous, A. ID polynomials
o f be a polynomial in K[gq, ..., g,,]

Let h be the poly such that h(gy,...,9,) = f. Then

degy,, (h) = deg, (f), where W' = (degy,(g1),-.-,degy,(g,))-
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Let W = (wy,...,w,) € N2, and

o f be a polynomial in K[g, ...

Let h be the poly such that h(gy, ...

o (g1,---+9y,) be W-homogeneous, A. ID polynomials

s 9n)
,Gn) = f. Then

degyy (h) = degy, (f),  where W’ = (degyy(91), -, degy, (9,))-

J

In particular, if gq, ..., g, are homogeneous (i.e, W = (1,...,1)) A. ID polynomials

deg(h) < degy,, (h) = deg(f)
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Let W = (wy,...,w,) € N2, and

o f be a polynomial in K[g, ...

Let h be the poly such that h(gy, ...

o (g1,---+9y,) be W-homogeneous, A. ID polynomials

s 9n)
,Gn) = f. Then

degyy (h) = degy, (f),  where W’ = (degyy(91), -, degy, (9,))-

J

In particular, if gq, ..., g, are homogeneous (i.e, W = (1,...,1)) A. ID polynomials

deg(h) < degy,, (h) = deg(f)

= invariant polynomials under finite pseudo-reflection groups

© symmetric groups,
© sign-symmetric groups,

o dihedral groups, ...
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An lllustrative Example

Let (glag2a93) = (‘rl + Lo + %‘3,.%’% + LI?% + x%ale)) —+ 37% + xg) and
o f=a3+ad+ a3 — 220,97y — ) — Ty — T4

Find h € K[y, Yo, y3] such that h(gy, g2, 93) = f
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Let (glag%g?)) = (‘rl + Lo + %‘3,.%’% + LI?% + x%ale)) —+ 37% + xg) and
o f=a3+ad+ a3 — 220,97y — ) — Ty — T4
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5 h = —%yif — IOyf + Y19y — 49y, + 10y, + %y3 + 270 //x deg 3 truncation of f(v)
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Even We Do Not Have The Degree Bounds?

Given: n algebraically independent polynomials gy, ..., g, in K[z,,...,z,] and a polynomial
feKlgy,...,g,]. Compute h € Kly,,...,y,] such that h(g,,...,g,) = [.
( R

Take a random point a € K™

. ComPUte P = (gl — Y — gl(a)z s 9n — Yn _gn(a)) in H<[331a s Ty Yt 7yn]

. ais a root of P(zq,...,z,,0,...,0)

. hgune = Truncation of f(vq,...,v,) at degree A

. Compute f(vy,...,v,) [ — - ]
a bound deg(/1) =

0.
1
2
3. (vq, .., vy) = Lifting(P, o, A) in Klyy, ..., y,], with A > deg(h)
4
5
6 is known in advance

. h= htrunc(yl + gl(a>7 ey Yn + gn(a))
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Even We Do Not Have The Degree Bounds?

Given: n algebraically independent polynomials gy, ..., g, in K[z,,...,z,] and a polynomial
feKlgy,...,g,]. Compute h € Kly,,...,y,] such that h(g,,...,g,) = [.

( R

Take a random point a € K™

Compute P = (g, —y; — 91(@), -, I — Y — gn(@)) in K@y, oo, Ty Y15 e, Yy
a is a root of P(zy,...,x,,0,...,0)

(U1, 0,) = Lifting( P, . 0) in Klyy, ..., yp), with 6 € {2.4. 8,16, ...}
Compute f(vq,...,v,)

hirunc = Truncation of f(vy,...,v,) at degree

E = htrunc(yl + gl(a>7 ey Yn + gn(a))

. J

IS o A e

What if we do not know a bound for deg(h)?
o use Lifting( P, e, ) several times, for § € {2,4,8,16,... }
o for each ¢,

© run steps 4., 5., and 6.
o add step 7. check if h(gy,...,g,) equals f
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Done: Given

o n algebraically independent polynomials gy, ..., g, in K[z, ...,z,]

o a polynomial f € K[gy, ..., 9,]

Compute the unique polynomial h € Ky, ..., y,] such that h(gy,...,g,) = f
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Done: Given

o n algebraically independent polynomials g4, ..., g,

o a polynomial f € K[gy, ..., 9,]

Compute the unique polynomial h € K|y, ...,y,] such that h(gy, ...

Todo:

o faster algorithms; tight degree bounds for deg(h) ?
o extend to invariant rational functions

¢ compute the Hironaka decomposition of the invariant ring
T
f = ZFj(gla agn) " 0j
j=1

o decomposing multivariate polynomials
given f; finding h and g, .... g,

and solve decomposale polynomial systems?

in Klzy,...,z,]

) =T
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Solving composable polynomial systems

Given: polynomials F' = (fi,..., f,,), H = (hqy,..., h,) and G = (g4, ..., g,,) with
fi=hi(g1,.r9,) fori=1,..,n

Solve f; == f, =07

e V
. G=1(gy...9,)| G (H=(hy,.. n,)HG@) Fla)
cr—C» cr—Ccn

Inner map Outer function

17 / 30



Main Result

Let

o F=(f1,.,[f,): polynomials in Q[z1,...,z,] with f, = h;(g1,-.-, 9,,)
o Ly and L: sizes of H and G respectively

C = deg(hy)---deg(h,,) and E = (deg(hy) +1)--- (deg(h,,) + 1)
D = deg(g,) -+~ deg(g,,) and J = (deg(gy) +1) - (deg(g,,) +1).

There exists a randomized algorithm to compute a zero-dimensional

<

<&

parametrization of the non-singular points of F' = 0 with the complexity
O(n(Ly, + L, +n*)(CE + DJ + DC))

operations in Q.
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C = deg(hy)---deg(h,,) and E = (deg(hy) +1)--- (deg(h,,) + 1)
D = deg(g,) -+~ deg(g,,) and J = (deg(gy) +1) - (deg(g,,) +1).

There exists a randomized algorithm to compute a zero-dimensional

<

<&

parametrization of the non-singular points of F' = 0 with the complexity
O(n(Ly, + L, +n*)(CE + DJ + DC))

operations in Q.

Note: e size of F'is O(L), + L,) e most of the cases C'- D « deg(f,)--deg(f,)
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Zero-dimensional Parametrizations

Let V' C C™ be a finite set defined by polynomials in Q[z1, ...

~

Rational Univariate Representation (R.U.R)
ARURZ = ((q,vq,...,v,),A) of V

© a square-free poly ¢ € Q[T'] with deg(q) = |V|

o polynomials vy, ..., v,, € Q[T], with deg(v;) < deg(q)

o vi(T)
Cog(D)

,_ 94
T

with ¢

o a linear form A = Az + -+ A\, z, with A\, € Q

Avyg, ... Tq¢ (mod q)

> Un)

’ :I;TL] "

For V = {(1,0), (0,1)},
o q(T)="T">
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Zero-dimensional Parametrizations

Let V' C C™ be a finite set defined by polynomials in Q[z1, ...

Rational Univariate Representation (R.U.R)
ARURZ = ((q,vq,...,v,),A) of V

© a square-free poly ¢ € Q[T'] with deg(q) = |V|

o polynomials vy, ..., v,, € Q[T], with deg(v;) < deg(q)

_ UZ(T) /7 @
T () Cor

with ¢

o a linear form A = Az + -+ A\, z, with A\, € Q

~

’ :I;TL] "

For V = {(1,0), (0,1)},
o q(T)="T">

vy, ..yv,) =Tq¢  (mod q) | T =3, (xy,25) = (0,1)
Define: Geometric Resolution . = ((¢, w, ... ,w,,), A) of V
w; = (¢')"'v; (mod q) gT)=0, =z, =w/(T), Awy,..,w,)=T
w(T)=2-2 w,(T)=-1+72 7 < RUR_to_GR(Z) O(ndeg(q))
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Global Newton-Hensel Lifting

Let (¢ (@, ey 2y, 1),y G2y ey 2y, T)) C Qly, oy, T
G=z,+tz,—T—1

Given ¢(U),v,(U), ..., v,,(U)-univar. polynomials

n o =x09 — T
ry =0 (U) q(U) =U? —4U +3
q(U) =0, ¢w)=0mod (T™,q(U)) | |, ) =3/2—0)2
Xy, :vn(U)7 vy (U) = 71/2‘%”/2

¢;(vy,v5) = =T mod ¢q(U)

20 /30



Global Newton-Hensel Lifting

Let (¢ (zy, s, )y ooy Cu(@qy ooy 2, T)) C Qs ooy 2y, T)™

» o

G=x+x,—T—1

G =z129 =T

qU)=U%—4U +3

v (U)=3/2—-U/2

v(U) =—1/2+U/2
¢;(vy,v9) = =T mod ¢(U)

Given ¢(U),v,(U), ..., v,,(U)-univar. polynomials

q(U) =0, ¢(v) =0 mod (T, q(U))

Compute bivar. polynomials Q(U,T),V,(U,T),...,V, (U, T)

. =Vy(U)
QU,T) =0, ¢(V)=0mod (T?,Q(U,T)) with § >m
Ty = Vn(U)7

Then QU,T) =U? —4U +3+2T(5—-U), V, =

3 U | 3T V, =
2 2 20 V2
with ¢, (V},Vy) = —1/4(U? —4U + 3 — AUT + 10T + 372



Given: o polynomials ¢ = (fy, ..., f,,) in Q[zq,...,z,,T]
o monic poly. ¢(U) and polys. v = (v;(U))I; with deg(v;) < deg(q)
o linear form A = A\jzy + -+ A,z and § € No
Assumptions: ¢ the Jacobian matrix of ¢ w.r.t X is invertible at v mod ¢(U)
© ¢(v) =0 (mod (T, ¢(U)))
o AMv) = U mod ¢(U)

(GLS_Lifting(C, ¢, v, A, )

o V<—v,Q<—q,k<—m,J<—§—§( // Initialize
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A~ NV)=U

V«V— (2% A mod (TF,Q))
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o end while
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Given: o polynomials ¢ = (fy, ..., f,,) in Q[zq,...,z,,T]
o monic poly. ¢(U) and polys. v = (v;(U))I; with deg(v;) < deg(q)
o linear form A = A\jzy + -+ A,z and § € No
Assumptions: ¢ the Jacobian matrix of ¢ w.r.t X is invertible at v mod ¢(U)
© ¢(v) =0 (mod (T, ¢(U)))
o AMv) = U mod ¢(U)

(GLS_Lifting(C, ¢, v, A, )

o V<—v,Q<—q,k<—m,J<—§—§( // Initialize
o while k < 6 do // Update (Q,V)
V<« V—J(V) (V) mod (T*, Q)
A~ NV)=U
VV-— (g—‘(j - A mod (T*, Q>) a particular case of
Q«Q— (% . A mod <Tk,Q>) Alg. 1, Giusti—
k< 2k Lecerf-Salvy, 2001

o end while O ((nL + n*)deg(q)d)

| ¢ return (Q, V) L: size of ¢

J
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Symbolic Homotopy Continuation

Given: polynomials H = (hy,...,h,) in Q[zy,...,x,] of size L
Compute: a zero-dimensional parametrization of the isolated points of H =0
Denote: C' = deg(h,)--deg(h,,) and E = (deg(h;) + 1) (deg(h,,) + 1)

rSymboIic_Homotopy(l'jl)

o construct “start system” p, as product of deg(h;) random linear forms
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Symbolic Homotopy Continuation

Given: polynomials H = (hy,...,h,) in Q[zy,...,x,] of size L
Compute: a zero-dimensional parametrization of the isolated points of H =0
Denote: C' = deg(h,)--deg(h,,) and E = (deg(h;) + 1) (deg(h,,) + 1)

rSymboIic_Homotopy(l'jl)
o construct “start system” p, as product of deg(h;) random linear forms
o compute a RUR %, = (qy, (Vg 155 Vg.0)s 1) of P = (py,...,p,)
4o, vo; € Q[U]; Gaussian elimination + interpolation; O(Cn?)
o define a homotopy R(X,T)=(1—-T)- H(X)+ T - P(X)
o lift %, along R to a RUR Z in Q[[T]]/(T?*)
X GLS_Lifting(R, gy, vy, u, E); E: degree of homotopy curve  O((nL’ 4+ n“)CE)

o rational reconstruction on Z to obtain RUR . C Q(T") O (CEn)
o deduce a RUR Z, over k O"(CEn)
| © Remove non-isolated points in V(H) O (CS(n* + nl'))]

[*¥] Remove singular points O7(C?(n® +nlL’))
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o (q,(T),v(T),...,v,(T), n): a geometric resolution of H =0
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Our problem:
f1 = h(g1(@q, - )y ooy G (T oo 5 Z)

fu - h’n(.(/l(\"rl' ey Ly )y oo .(]n('l.l‘ R 'I'.N,))

Done: Remain:
hy(y1;s4,) =0 91(®1, -, 2,)  =v1(T)
: 4(T) =0, :
R Y1y s yp,) =0 I (1, s ,) =0,(T)

o (qp(T),v1(T), ... ,v,(T), p): a geometric resolution of H =0

v =v(T)
q,(T) =0, : w(vy, .o v,) =T mod ¢, (T), deg(q,) <C

Y =0,(T)

23 /30



Solving the inner system

gl<x17 7In> - Ul<T) == gn<x17 7xn> - vn<T) =0
Find: QU,T)cQU,T), V =(V,,...,V,) €QIU,TI", A= Az, + -+ \,z,
with G(V,...,V,)—=V(T)=0and A(V},...,V,,)) =U mod (T, Q(U,T))

r'n

Main idea: GLS_ Lifting, with full-rank Jacobian?
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Find: QU,T)cQU,T), V =(V,,...,V,) €QIU,TI", A= Az, + -+ \,z,
with G(V,...,V,)—=V(T)=0and A(V},...,V,,)) =U mod (T, Q(U,T))

Main idea: GLS_ Lifting, with full-rank Jacobian?

random shift S :=T — 54,5, € Q

( N Y J Y \ \ . \ \ p )
Parametrlc(G. V., ) D = deg(g,)--deg(g,,) J = (deg(g,)+ 1) (deg(g,,)+1)

1. P(X,S) <« G(X)— V(S +s)

2. (g, (@y,...,@,),\) < geometric resolution of P(X,0) //* in QU] O1DJn(L,+n?))

3. (Qupites (Vi ghifes -+ s Vishire)) <= GLS_Lifting(P, g, w, A, 20) O (n(Ly,+n*)DC)
4. @y, < RationalReconstruct(Qgyis, C); V; poiy ¢ RationalReconstruct(V g, C)
| 5. QULT)  Quu, (U, T = 50); ViU, T) = V, 10, (U, T = 5,) )
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Our problem:

=hi(g(xq, .. s2,); s 9p(T1s s 2,))

hp (g1 (21, @)y e s G (T15 oo, T,))

Remain of Remain:

qh(T> - 07
Ty = Vvl(UvT)

Q(U,T) =0, :
xz, =V, (U,T)
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Remain of Remain:

4 (T) =0, QWU,T)=0

Ty :‘G(U,T)

z, =V,(U,T)

1. (¥,0c(S),v(S),7(S),U) < a geometric resolution of Q(U,T') = ¢,(T) =0

prec

/* Symbolic_Homotopy(Q), q,) */
2. W,

i,prec

(5) « V;(u(5),7(5))
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Sum Up — The Main Algorithm

Given: H = (hy,...,h,) € Qlyy, .-, y,]" G = (g1, -+ 6,) € Qlzq, ..., z,]"

Compute: a zero-dimensional parametrization (&(S), (W,(S),..., W, (5),A)) of
isolated /regular points of H(G(X)) = 0.

rSolve_h_circ_g(h,g)
1. (gu(T),v,(T), ... ,v,(T), ) < a geometric resolution of H =0

/* Symbolic_Homotopy — RUR_to_GR */
2. C <+ deg(q,) C < [ldeg(h;)
3. (QU, D,V (U,T),...,V,(UT),\) < Parametric(G,V,C)

4. (U ..(S),v(S),7(S),U) < a geometric resolution of Q(U,T) = ¢q,(T) =0

prec
/* Symbolic_Homotopy — RUR_to_GR */

5. Wiprece(S) = Vi(v(85),7(5))
6. (W(S), (Wi (9), .., W, (9),N)) = Remove (¥, (S5), (W (5), V)

. J
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An Example f, = hy(91,9,), fo = hy(91,95)

Solve: Outer system: Inner system:

{h1 =Y — Y {91 =Ty + Ty
hy =y3+Y, go = Ty
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An Example f, = hy(91,9,), fo = hy(91,95)

Solve: Outer system: Inner system:
hy =y =y {91 =Ty + To
hy =93+ s 92 = T1Ty

o GR of hy = hy = 0:

g (T)=T*+T, v (T)=T+1, v(T)=T
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An Example f, = h(91,9,), fo = hy(91,95)

Solve: Outer system: Inner system:
{h1 =1 — Yo {91 =Ty + To
hy =93+ s 92 = T1Ty
o GR of hy = hy = 0:

g (T)=T*+T, v (T)=T+1, v(T)=T

o (G,V,C), with C = deg(g,) - deg(gy) = 2:
A=z + 3z4
QU,T)=U?— (4T + 4)U + (3T? + 10T + 3)
ViU, T)=5-%+3 wUT =—3+5-7%
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An Example f, = h(91,9,), fo = hy(91,95)

Solve: Outer system: Inner system:
hy =y =y {91 =Ty + To
hy =93+ s 92 = T1Ty

o GRof hy =hy =0
g (T)=T*+T, v (T)=T+1, v(T)=T

© (G,V,C), with C = deg(g,) - deg(gy) = 2:
A=z + 3z,
QU,T)=U?— (4T + 4)U + (3T? + 10T + 3)
Viu,T)=3-%Y+3 wUun=—3+4%-7
o GRof QU,T) = q,(T) =0:
w(S)=5%—-48% - 5% +16S - 12

v(S)=5, T(S)=453-21s2- 1852
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An Example f, = h(91,9,), fo = hy(91,95)

Solve: Outer system: Inner system:
J1 L1 T Ly — L3Lg — hy =y =y g1 =T+ Ty
fo = xtas +xyxy hy =95+ 92 = T1%y

o GR of hy = hy = 0:
g (T)=T*+T, v (T)=T+1, v(T)=T

o Parametric(G, V, C), with C = deg(g;) - deg(gy) = 2:
A=z + 3z,

QW,T)=U?— (4T +4)U + (3T% + 10T +3)

ViU, T)=3-Y4+3 ww,T)=-1+Y¢-T
© GRof Q(U,T) = q,,(T) = 0:

w(S) = S*—45% — 5% + 165 — 12

o(S) =S, T(S)={s%- 252 16g_ 21
o Final GR of f; = fy =0:

A=z, +3xy, ¥(S)= 453 524165 — 12

Wi(S) =258 — {55° - S-&-%, WZ(S)_ 2534+ 38248l ¢
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Solve:
fi =21tz —2725—1
: 5.
fo =zix2 + 172

oaGRof fi=f,=0:

A =2 + 3z, W(S)—S44SSS2+16512—0,{

Outer system:

hy
hey

=Y — Y2
= Y5+ Ys

W;(5) =

Inner system:

g1 =T+ Ty
92 = T1%2
2 Q3 9 @2 21 18
263 0.g2_2lg 18
2 @3 3 Q2 31 6
,ﬁs +WS +%Sf§
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Solve: Outer system: Inner system:

{./'1 =2 + 2y — @2y — 1 hy =y, —ys g1 =T+ Ty
fo =l +a.a, hy =By

92 = T1%2

oaGRof fi=f,=0:

1%
A =2 + 3z, W(S)—S44SSS2+16512—0,{

o ¥(S) =0 has 4 solutions S € {—2,1,2,3}. The solutions of f; = f, =0 are
(xlv Ig) = (W1<S)7 WZ(S) € {(17 _1>7 (170)7 (_17 1)= (07 1)}
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Solve: Outer system: Inner system:
{-/.1 =T+ 2Ty — 275 — 1 hy =y — v g1 =T1+ Ty
fo = ias +xmy hy =y3+Y g2 =TTy

oaGRof fi=f,=0:

1%
X =z, +3xy, ¥(S)=5*—-48% - 52 +16S —12 =0,
Wy(S)=—283+ 282+ 3s5-¢

o ¥(S) =0 has 4 solutions S € {—2,1,2,3}. The solutions of f; = f, =0 are
(xlv x?) = (Wl(s)v WZ(S) € {(17 _1)7 (17 0)7 (_17 1)7 (07 1)}

Final Remark: Solving the f; = fy, = 0 directly gives a bound

deg(fy) - deg(fy) =8 >4

on the number of points we need to compute.
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Done: a polynomial time (in the sizes of the input and the output) algorithm to
compute a zero-dimensional parametrization of a system composable polynomials

fl = h1(917 ’gn)’ ’fn = hn(gb ?gn)
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Done: a polynomial time (in the sizes of the input and the output) algorithm to
compute a zero-dimensional parametrization of a system composable polynomials

fl = hl(gl7""gn)""’fn = hn(.glaagn)

Todo:
© hybrid numeric-symbolic algorithms
o exploiting the sparsity
o real solutions (emptiness, connectivity of real algebraic sets, ..)

o applications in optimization, cryptology, ..
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