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Program Verification and Synthesis

Verification

° ALl Test or Generate f -
) . Specifications
S— specification for a program
—_— -—
- Synthesis

Generate a program from
a given specification



Program Verification and Synthesis

Polynomial loop

x = (x1,...,%n) and
F € Q[x]™ polynomial map
X< a
while true do
X+ F(x)
end while

Verification

Test or Generate
polynomial invariants

4

¢

Synthesis

Generate a loop from
polynomial invariant

Polynomial loop invariant

U formula polynomial in x
s.t.:

» U(a) is true

» U(F(a)) is true

> U(F®2)(a)) is true



Program Verification and Synthesis

Verification

Polynomial loop Polynomial loop invariant

Test or Generate

x = (X1,...,%n) and polynomial invariants ¥ formula polynomial in x
F € Q[x]™ polynomial map s.b.:
X< a ) » U(a) is true
while true do ( » U(F(a)) is true
> U(F®2)(a)) is true

X+ F(x)
end while

Synthesis

Generate a loop from
polynomial invariant

Polynomial Loop

1: (¢,k,m,n) =(0,1,6,0)
2: while n < N do

3 c+c+k

4: k< k+6n+6

5 m<m+6

6 n<n+1

7: end while



Program Verification and Synthesis

Verification

Polynomial loop Polynomial loop invariant

Test or Generate

x = (x1,...,%n) and polynomial invariants ¥ formula polynomial in x
F € Q[x]™ polynomial map s.b.:
) » U(a) is true
x+a )
while true do ( > W) e e
> U(F®2)(a)) is true

X+ F(x)
end while

Synthesis

Generate a loop from
polynomial invariant

Polynomial Loop —) Polynomial Invariants
1: (¢,k,m,n) =(0,1,6,0) c=n?
2: while n < N do A
c+c+k k=3n%+3n+1

3
4 k< k+6n+6 A
5: m<m+6 m = 6n+ 6
6: n<n+1 A
7. end while n<N



Program Verification and Synthesis

Verification

Polynomial loop Polynomial loop invariant

Test or Generate

x = (x1,...,%n) and polynomial invariants ¥ formula polynomial in x
F € Q[x]™ polynomial map s.b.:
) » U(a) is true
x+a )
while true do ( > W) e e
> U(F®2)(a)) is true

X+ F(x)
end while

Synthesis

Generate a loop from
polynomial invariant

Polynomial Loop —) Polynomial Invariants % Postcondition
1: (¢,k,m,n) =(0,1,6,0) c=n? Cinal = N3
2: while n < N do A
c+c+k k=3n"+3n+1

3
4 k< k+6n+6 A
5: m<m+6 m = 6n+ 6
6: n<n+1 A
7. end while n<N



Program Verification and Synthesis

Verification

Polynomial loop Polynomial loop invariant

Test or Generate

x = (X1,...,%n) and polynomial invariants ¥ formula polynomial in x
F € Q[x]™ polynomial map s.b.:
X< a ) » U(a) is true
while true do ( » U(F(a)) is true
> U(F®2)(a)) is true

X+ F(x)
end while

Synthesis

Generate a loop from
polynomial invariant

Polynomial Loop —) Polynomial Invariants % Postcondition
1: (¢,k,m,n) = (0,1,6,0) c=n? Cinal = N3
2: while n < N do A
c+c+k k=3n"+3n+1

3
4 k< k+m A
5: m<m+6 m = 6n+ 6
6: n<n+1 A
7. end while n<N



Polynomial equations



A difficult problem

Invariant ideal Z(L)

Polynomial invariants (equations)

for a loop £ form an ideal

Discrete Van der Pol oscillator

1: (x,y) = (%0, yo0)
2: while true do

m - [y + (y(}li J—r XA2t)y— X)At]

4: end while

o2

Hilbert basis theorem ¢

[4

Algebraic geometry \

Compute a finite basis

[4




A difficult problem

Invariant ideal Z(L)
Hilbert basis theorem ¢ ) .
Polynomial invariants (equations) 7 Compute a finite basis

for a loop £ form an ideal

Discrete Van der Pol oscillator

1 (x,y) = (%0, ¥o)
2: while t d
whtle true do Algebraic geometry \

M “ [y o X)A,J ’

4: end while

o2

Computability results [Miiliner & Moosbrugger & Kovac 2024] v :decidable Xx:undecidable ?:unknown

Program model Affine Inv Poly. Inv
Affine | v [Karr 1976] V' [Kovac 2008]
Unguarded
Poly. V' [Miiller-Olm & Seidl 2004] | ? SKOLEM-HARD [Miillner et al. 2024]

Affine
Poly.

Guarded (:, S) X (Halting Problem) [Hopcroft & Ullman 1969]




A difficult problem

Invariant ideal Z(L)

Hilbert basis theorem ¢

Polynomial invariants (equations)

for a loop £ form an ideal

Discrete Van der Pol oscillator

1: (x,y) = (%0, yo0)
2: while true do

Algebraic geometry \

? Compute a finite basis

o2

M - [y +Ga . ::A;)y— X)A,J

4: end while

[4

Computability results [Miiliner & Moosbrugger & Kovac 2024] v :decidable Xx:undecidable ?:unknown
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Z(L) NC[x]<g computable [Miiller-Olm & Seidl 2004]



A difficult problem

Invariant ideal Z(L)

Hilbert basis theorem ¢

Polynomial invariants (equations)

for a loop £ form an ideal

Discrete Van der Pol oscillator

1: (x,y) = (%0, yo0)
2: while true do

Algebraic geometry \

? Compute a finite basis

o2

M - [y +Ga . ::A;)y— X)A,J

4: end while

Computability results [Miiliner & Moosbrugger & Kovac 2024]

[4

v :decidable Xx:undecidable ?:unknown

Program model Affine Inv Poly. Inv
Affine | v [Karr 1976] V' [Kovac 2008]
Unguarded -
Poly. V' [Miiller-Olm & Seidl 2004] | ? SKOLEM-HARD [Miillner et al. 2024]
Affine
Guarded (:, S) Pol X (Halting Problem) [Hopcroft & Ullman 1969]
oly.

Truncated invariant ideal

Degree of regularity [Eisenbud 2005]

<
Z(L) NC[x]<g computable [Miiller-Olm & Seidl 2004] %\3 Find d such that it generates Z(L) is hard!




X+ A?

while true do
Assert: > A, -X% =0
X3 fi - XPi

end while




Reduction to parametric invariant test

Invariant generation
(x,¢) « (a,N\)?
while true do
Assert: 3. 1-¢c;x% =0
(x,¢) + (2:/’7 -xﬂf?,c)

end while

Invariant test
X<+ A?
while true do
Assert: > A, - X% =0
X S f; -xPi

end while



Reduction to parametric

Invariant generation
(x,¢) « (a,N\)?
while true do
Assert: 3. 1-¢c;x% =0
(x,¢) + (qu -xﬂi,c)

end while

Invariant test
X<+ A?
while true do
Assert: > A, - X% =0
XS f; x5

end while

invariant test

Loop synthesis

(%,¢) « (a, £)?

while true do
Assert: >, A -x% =0
(x,¢) « (X 1-¢;xPi,¢)

end while



Reduction to parametric invariant test

Invariant generation

\

(x,¢) + (a,\)?

while true do
Assert: >, 1-c;x% =0
(x,¢) + (Zfl . xBi,c)

end while

4

X+ A?

while true do
Assert: > A, -X% =0
XS fi- xBi

end while

—

(x,¢) + (a, f)?
while true do

Assert: >, A - x% =0
(X,C) <~ (El‘CiXﬂi,C)

end while

\
\\ / \
‘)'For which A € C", h o F(M)(A) =0 for all m > 0? \
4




Invariant set of (F,h):

S(r,ny ={a € C",¥m > 0,h o F(™(a) = 0}

Xm={h=hoF=...-hoF(™ =0}




Invariant set of (F,h):
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Invariant set of (F,h):

S(r,ny ={a € C",¥m > 0,h o F(™(a) = 0}
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S(F,h)ZX()ﬂXlﬂ...
D)




Invariant set of (F,h):

S(r,ny ={a € C",¥m > 0,h o F(™(a) = 0}

Xm={h=hoF=...-hoF(™ =0}
S(F,h)ZX()ﬂXlﬂ...ﬂXm n...
D) DELERS) D ooo




Invariant set of (F,h):

S(r,ny ={a € C",¥m > 0,h o F(™(a) = 0}

Xm={h=hoF=-.-hoF( =0}
S(F,h) =XoNX1N..NXNNXNy1
> D>::> =




Invariant set of (F,h):

S(r,ny ={a € C",¥m > 0,h o F(™(a) = 0}

Xm={h=hoF=-.-hoF( =0}
S(F,h) =XoNX1N..NXNNXNy1
2 22 =

= = =




Invariant set of (F,h):

S(r,ny ={a € C",¥m > 0,h o F(™(a) = 0}

Xm={h=hoF=-.-hoF( =0}
S(F,h) =XoNX1N..NXNNXNy1
2 22 =

= = =

Compute £ o F(m) (z) until Xy = Xn41

Radical membership test:

ho FINtD(g) e y/(h,...,h o F(N)




Invariant set

Invariant set of (F,h):

S(rny ={a € C",¥m > 0,h o F(™(a) = 0}

Xm={h=h,oF:...hoF(m):0}
S(F,h)=X00X1ﬂ..‘ﬂXNﬂXN+1
b S5...D _

= = = -

Algorithm Complexity

Compute /o F(™)(z) until Xy = X e Radical membership: ~» poly. in DNn?
p N N+1
Radical membership test: e N may be Ackermann-large (sharp)
e F(N+1)( z) € \/(h h o FX N)> e primitive recursive under assumptions on F'

Seidenberg '72; Moreno-Socfas '92; Novikov, Yakovenko ’99;
Benedikt, Duff, Sharad, Worrel 2017



(x,y) < (a,b)
while true do

Assert: h = x2 — xy + 9x> — 24x%y 4+ 16xy% = 0

|:x:| « Flx,y) = |:10x = 8y:|
y 6x — 4y

end while




(x,y) « (a,b)

while true do

Assert: h = x2 — xy + 9x> — 24x%y 4+ 16xy% = 0

|:x:| « Flx,y) = |:10x = 8y:|
y 6x — 4y

end while

h_invariant for (0,1)?

Could h be an invariant (in Q or R)?

h_invariant for any (Q or R) initial value?




Testing polynomial invariant

Invariant test

(x,y) < (a,b)
while true do

Assert: =x2 - xy + 9% — 24x2y + 16xy2 =0
10x — 8y
< F(x,y) =
6x — 4y

end while

?‘;_, Program verification —

invariant for (0,1)7?

Could i be an invariant (in Q or R)?

invariant for any (Q or R) initial value?

Invariant set S(x ;)
is invariant for (a,b) € C? if and only if
=a?—ab + 9a° — 24a?b + 16ab? =0

o F = 360a® — 1248a?b + 40a? + 1408ab?
—72ab — 512b% 4 3262 =0

0.2

0.0

—0.24

—0.44

—0.64

—0.84

—~1.04
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Testing polynomial invariant

Invariant test

(x,y) « (a,b)

while true do

Assert: =x2 - xy + 9% — 24x2y + 16xy2 =0
10x — 8y
< F(x,y) =
6x — 4y
end while

?‘;_, Program verification — 7& Algebraic geometry
invariant for (0,1)7?

— h(0,1) = h o F(0,1) = 0?

— No! 1 (0,1) = —480.

Could i be an invariant (in Q or R)?

invariant for any (Q or R) initial value?

Invariant set S(x ;)
is invariant for (a,b) € C? if and only if
=a?—ab + 9a° — 24a?b + 16ab? =0

o F = 360a® — 1248a?b + 40a? + 1408ab?
—72ab — 512b% 4 3262 =0
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Testing polynomial invariant

Invariant test Invariant set S(x ;)
(x,y) < (a,b) is invariant for (a,b) € C? if and only if
while true do % 2 % %
= a“ —ab+9a” — 24a“b + 16ab“ =0
Assert: =x2 - xy + 9% — 24x2y + 16xy2 =0
o F'= 360a® — 1248a?b + 40a? + 1408ab?
10x — 8y —72ab — 512b% 4 3262 =0
< F(x,y) =
6x — 4y
end while
72, Program verification — 72 Algebraic geometry 02

invariant for (0,1)7?
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— No! h(0,1) = —480.

0.0

o0z]
Could i be an invariant (in Q or R)?
—)S(F7 )ﬂ@OI‘RZ@? 0.4
— Yes! Critical points: (0,0) and (1/16,5/64)

6]
invariant for any (Q or R) initial value?

—0.84

—~1.04




Testing polynomial invariant

Invariant test Invariant set S(x ;)
(x,y) < (a,b) is invariant for (a,b) € C? if and only if
while true do % 2 % %
= a“ —ab+9a” — 24a“b + 16ab“ =0
Assert: =x2 - xy + 9% — 24x2y + 16xy2 =0
o F'= 360a® — 1248a?b + 40a? + 1408ab?
10x — 8y —72ab — 512b% 4 3262 =0
< F(x,y) =
6x — 4y
end while
72, Program verification — 72 Algebraic geometry 02

invariant for (0,1)7?
— h(0,1) = h o F(0,1) = 07
— No! h(0,1) = —480.

0.0

o0z]
Could i be an invariant (in Q or R)?
—)S(F7 )ﬂ@OI‘RZ@? 0.4
— Yes! Critical points: (0,0) and (1/16,5/64)

6]
invariant for any (Q or R) initial value?

— S(r,ny = C?? sl
— No! (h,h o F) # {0}

—~1.04




Generating polynomial invariant: any initial value

Invariant generation

(xy, )« (a;b, )
while true do
y* =0

Assert: +A1x 4 Aoy + Asx? + Auxy +

x 10x — 8y
y| < F(x,y) = | 6x — 4y

end while



Generating polynomial invariant: any initial value

Invariant generation

(x,y:¢) < (a,b,2)
while true do
Assert: tcop+c1x+ coy+ C3x2+04xy+ C5y2:0
x 10x — 8y

y| < Flxy) = | 6x—4y

C Cc

end while



Generating polynomial invariant: any initial value

invariant generation _

(xy,¢) < (a,b,2) @Invariants for a given (a,b) € C2?
while true do
Aosert f1co et ey et ey b oyt =0 @Invariants for generic (a,b) € C*?
x 10x — 8y ’

—F(x,y)= | 6x—4
a .y) B @Invariant for all (a,b) € C2?
c c

end while L




Generating polynomial invariant: any initial value

lvarantjesneration 2 Invariant generation — 2 (Linear) Algebra

(x,3,¢) < (a,b,2) @ Invariants for a given (a,b) € C2?
while true do

Assert: i co + c1x+ cay + c3x? + caxy + 532 =0 @ Invariants for generic (a, b) € 27
S El M
x 10x — 8y
+— F X, = | 6x—4
a (x.) y @Invarian‘c for all (a,b) € C2?
c c
end while

Invariant set S7. , - Parametric Linear System

a? ab b2 a b 1
oF (10a — 8b)? (10a — 8b)(6a — 4b) (6a — 4b)? 10a — 8b 6a — 4b 1
oF"| = | (52a — 48b)? (52a — 48b)(36a — 32b) (36a — 32b)? 52a — 48b 36a — 32b 1 =0
oF° (232a — 224b)%  (232a — 224b)(168a — 160b) (168a — 160b)% 232a — 224b  168a — 160b 1
o F" (976a — 960b)%  (976a — 960b)(720a — 704b)  (720a — 704b)?  976a — 960b 720a — 704b 1



Generating polynomial invariant: any initial value

Invariant generation %2 Invariant generation — 2 (Linear) Algebra
(xﬂfv c) < (a,b,2) @ Invariants for a given (a,b) € C2?
while true do — Row Echelon Form
Assert: h:co +c1x+ coy+ c3x® + caxy + c5y2 =0 ) .
@ Invariants for generic (a,b) € C2?
X 10x — 8y
«F x,y) = | 6x—4

y (=) Y @Invarian‘c for all (a,b) € C2?

C C
end while

Invariant set S7. , - Parametric Linear System

a? ab b2 a b 1
oF (10a — 8b)? (10a — 8b)(6a — 4b) (6a — 4b)? 10a — 8b 6a — 4b 1
oF"| = | (52a — 48b)? (52a — 48b)(36a — 32b) (36a — 32b)? 52a — 48b 36a — 32b 1 =0
oF° (232a — 224b)%  (232a — 224b)(168a — 160b) (168a — 160b)% 232a — 224b  168a — 160b 1
o F" (976a — 960b)%  (976a — 960b)(720a — 704b)  (720a — 704b)?  976a — 960b 720a — 704b 1



Generating polynomial invariant: any initial value

Invariant generation %2 Invariant generation — 2 (Linear) Algebra
(xﬂfv c) < (a,b,2) @ Invariants for a given (a,b) € C2?
while true do — Row Echelon Form

Assert: h:co +c1x+ coy+ c3x® + caxy + c5y2 =0

@Invariants for generic (a,b) € C2?
x 10x — 8y — Eval./Interpolation of Row Echelon Form

—F(x,y) = | 6x—4
a (x.) R @Invariant for all (a,b) € C2?
C C

end while

Invariant set S7. , - Parametric Linear System

a? ab b2 a b 1
oF (10a — 8b)? (10a — 8b)(6a — 4b) (6a — 4b)? 10a — 8b 6a — 4b 1
oF"| = | (52a — 48b)? (52a — 48b)(36a — 32b) (36a — 32b)? 52a — 48b 36a — 32b 1 =0
oF° (232a — 224b)%  (232a — 224b)(168a — 160b) (168a — 160b)% 232a — 224b  168a — 160b 1
o F" (976a — 960b)%  (976a — 960b)(720a — 704b)  (720a — 704b)?  976a — 960b 720a — 704b 1



Generating polynomial invariant: any initial value

Invariant generation %2 Invariant generation — 2 (Linear) Algebra
(xﬂfv c) < (a,b,2) @ Invariants for a given (a,b) € C2?
while true do — Row Echelon Form

Assert: h:co +c1x+ coy+ c3x® + caxy + c5y2 =0

@Invariants for generic (a,b) € C2?
x 10x — 8y — Eval./Interpolation of Row Echelon Form

—F(x,y) = | 6x—4
a (x.) R @Invariant for all (a,b) € C2?

& ¢ — Minor based stratification of C?

end while

Invariant set S7. , - Parametric Linear System

a? ab b2 a b 1
oF (10a — 8b)? (10a — 8b)(6a — 4b) (6a — 4b)? 10a — 8b 6a — 4b 1
oF"| = | (52a — 48b)? (52a — 48b)(36a — 32b) (36a — 32b)? 52a — 48b 36a — 32b 1 =0
oF° (232a — 224b)%  (232a — 224b)(168a — 160b) (168a — 160b)% 232a — 224b  168a — 160b 1
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Generating polynomial invariant: any initial value

lvarantjesneration 2 Invariant generation — 2 (Linear) Algebra

(x,3,¢) < (a,b,2) @Invarian‘cs for a given (a,b) € C2?

while true do — Row Echelon Form

Assert: i co + c1x+ cay + c3x? + caxy + 532 =0 @ Invariants for generic (a, b) € 27
S El M

— Eval./Interpolation of Row Echelon Form
@Invarian‘c for all (a,b) € C2?
— Minor based stratification of C?

x 10x — 8y
y| < Flx,y) = | 6x —4y
C Cc

end while

Invariant set S7. , - Parametric Linear System

a? ab b2 a b 1
oF (10a — 8b)2 (10a — 8b)(6a — 4b) (6a — 4b)? 10a — 8b 6a—4b 1
oF| = | (52a — 48b)2 (52a — 48b)(36a — 32b) (36a —32b)2 520 —48b  36a —32b 1 =0
oF° (232a — 224b)%  (232a — 224b)(168a — 160b) (168a — 160b)% 232a — 224b  168a — 160b 1
o F (976a — 960b)2  (976a — 960b)(720a — 704b)  (720a — 704b)2  976a — 960b 720a — 704b 1
Invariant stratification [Sit 1992]
Initial values’ stratum Basis of I ¢ Dim
a=b=0 {x,y,xy,%%,y°} 5
a—b=0 {x—y, %% —xy, —xy +y°} 3
3a —4b =0 {3x — 4y, —3x% + 16xy — 16y?, —3xy + 4y?} 3
(3a —4b)(a —b) #0 | {(3a — 4b)%x — (3a — 4b)%y — 9(a — b)x? +24(a — b)xy — 16(a — b)y?} 1}




Generating polynomial invariant: Fixed initial values

Invariant generation Invariant generation S , - Parametric Linear System
b

(x,3,¢) « (a,b,2)

while true do a? ab 2 a b1
o 2 2 _ o F 100 - 8b)? 100 — 8b)(6a — 4 a - 4b)? 4
Assert: 1 :co + c1x+ coy+ c3x2 + caxy + c5y2 =0 (10a - 8b) (10 — 8b)(6a — 4b) (6a-4b)>  10a-8b Ga-db 1
ol = 2 5 ~ 2 5 . -
(2a—486)?  (s2a—4Sb)(36a —32b)  (d6a—32W)? S2a—48b 36a—32b 1
X 10x — 8y 7
~ ° TP et P
. (2324 — 2240)? (232 — 2246)(168 — 1606) (168 — 1606)? 232a — 224b 168 — 160 1
y| < Flxy) = | 6x—4y =0
< < oF (976 — 960b)? (976 — 960b)(T20a — T04b) (T20a — T04b)? 976a — 960b 720a — T04b 1
end while



Generating polynomial invariant: Fixed initial values

Invariant generation Invariant vector space Z<5((4, 3), F) - Linear System

(x,7,¢) « (4,3,2)

while true do 9 12 1 B 4 1
F 3.92 .92

Assert: 1 :co + c1x+ coy+ c3x? + caxy+ c5y2 =0 01: 144 192 1 3.2 4.2 1
o = | 2304 3072 1 3.24 4.24 1

X 10x — 8y ~3
« Pz, y) 6% — 4 oF 36864 49152 1 3.26 4.26 1

xy) = X — =
¥ ¥ o 17‘4 589824 786432 1 3.28 4.28 1
C c

end while



Generating polynomial invariant: Fixed initial values

Invariant generation Invariant vector space Z<5((4, 3), F) - Linear System
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while true do 9 12 1 3 4 1
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o F'2 = | 2304 3072 1 3.24 424 1| - =0
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“Fy) " oF 36864 49152 1 3.20  4.26 1
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Y J o 17‘4 589824 786432 1 3.28 4.28 1
c c
end while
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I<2((4,3),F) = { 0F°(4,3)=0,..., oF<?)(4,3):o}
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Invariant generation Invariant vector space Z<5((4, 3), F) - Linear System

(x,7,¢) « (4,3,2)

while true do 9 12 1 3 4 1
F 3.92 .92
Assert: 1 :co + c1x+ cay + c3x? + caxy + cs5y2 =0 Ol: e 2 u 302 4o2 u
o = | 2304 3072 1 3.24 424 1| - =0
X 10x — 8y ~3
“Fy) " oF 36864 49152 1 3.20  4.26 1
x,y) = | 6x — ~
Y J o 17‘4 589824 786432 1 3.28 4.28 1
c c
end while

An observation
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Generating polynomial invariant: Fixed initial values

Invariant generation

(x,7,¢) « (4,3,2)

Invariant vector space Z<5((4, 3), F) - Linear System

while true do 9 12 1 3 4 1
T 9.92 .92
Assert: 1 :co + c1x+ cay + c3x? + caxy + cs5y2 =0 Ol: e 2 u 302 4o2 u
o = | 2304 3072 10324 4.20 1 - =0
X 10x — 8y ~3
“Fy) " oF 36864 49152 1 3.26 4.26 1
X,y) = X — =
v & Y o F 589824 786432 1 3.2%  4.28 1
C c
end while
An observation
70 (k)
ISZ((4,3),F)©{ 0 F°(4,3)=0,...,h o F*)(4,3) = 0} = Cho +Chy +Cgo +Cax

T<2((4,8), F) =



Generating polynomial invariant: Fixed initial values

Invariant generation
(x,5,¢) < (4,8,2)
while true do

Assert: 1t co + c1x+ cay + cax? + caxy + c5y2 =0

X 10x — 8y

y| ?‘(x, y) = | 6x —4y

c c
end while

An observation

Invariant vector space Z<5((4, 3), F) - Linear System

h

hoF
h oig
h OFS

h 01~7‘4

9
144
2304
36864
589824

12
192
3072
49152
786432

22
24
26
28

w W ow w

EN NS

.24
.96
.98

S
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Z<2((4,8), F) =Cho 4+ Chy +
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Invariant generation Invariant vector space Z<5((4, 3), F) - Linear System

(x,7,¢) « (4,3,2)

while true do 9 12 1 3 4 1
T .92 .92
Assert: 1 :co + c1x+ cay + c3x? + caxy + cs5y2 =0 OI: e 2 u 302 4o2 u
o = | 2304 3072 10324 4.20 1 - =0
X 10x — 8y ~3
“Fy) " oF 36864 49152 1 3.26 4.26 1
X,y) = X — =
v & Y o F 589824 786432 1 3.2%  4.28 1
C c
end while
An observation
70 (k)
ISZ((4,3),F)©{ 0 F°(4,3)=0,...,h o F¥)(4,3) = 0} =Cho +Chy +Cgo +Cax

T<2((4,3), F) = Chgo + Chy +
Invariant test (fast & parallel)

(x,5) < (4,3)
while true do

Assert: =0A =0
10x — 8
ey =| 7
y 6x — 4y
end while



Generating polynomial invariant: Fixed initial values

Invariant generation

(x,y,¢) « (4,3,2)

while true do h B
Assert: 1 :co + c1x+ coy+ c3x? + caxy+ c5y2 =0 holj
10 8 ho F'2
x x — -
“Fxy) =6 4y ol
X, = X — .
’ y v hoF"

C c

end while

An observation

9

144

2304
36864
589824

12
192
3072
49152
786432

22
24
26
28

w W ow w

EN NS

.24
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S

T<o((4,3), F)@ {h, 0F°(4,3)=0,...,h o F™(4,3) = o} = Cho + Chy + Cgo + Cga

Z<2((4,38),F) =Cho 4+ Chi + (Cgo + Cg1) NZ<2((4,3), F)

Invariant test (fast &

(x,y) < (4,3)
while true do
Assert: i =0Ah

oo |
y

end while

parallel)

2=0
10x — 8y
6x — 4y

|

Invariant vector space Z<5((4, 3), F) - Linear System



Generating polynomial invariant: Fixed initial values

Invariant generation Invariant vector space Z<5((4, 3), F) - Linear System

(x,y,¢) + (4,3,2)

while true do _ 9 12 1 3 4 1
Assert: 1 i co + cix+ c2y + c3x? + caxy + c5y% =0 Ol: e 2 u 322 4.2 u
o = | 2304 3072 1 3.24 4.24 1f - =0
X 10x — 8y ~3
“Fy) " oF 36864 49152 1 3.26 4.26 1
X,y) = X — -
Y U J o 17‘4 589824 786432 1 3.28 4.28 1
C c
end while
An observation
~0 ~(k
ISZ((4,3),F)©{ 0F°(4,3)=0,..., oF()(4,3):O}:C + Chy +Cgo + Cga
ISZ((47 3),F)=C +C + (Cgo +Cg1) N 1’52((47 3), F) Invariant generation (reduced)
Invariant test (fast & parallel) (x,y,¢) + (4,3,2)

while true do
(x,5) < (4,3)

j Assert: cogo +c1g91 =0
while true do

Assert: =0Ah2=0 X _ 10x — 8y
<+ F = —
x ) 10x — 8y y (x,y) 6x — 4y
«—F(x,y) = c C
y 6x — 4y

end while end while



(x,y,2, )+ (a,b,c, )
while true do
Assert: [hi:y2—x=0A ho:2®+2y—x=0]

X F1x3 + fay?
y fax — fay?
 Flx,3,7) =
fsx
end while




(x,5,2,¢) + (a,b,c, f)
while true do
Assert: [hi:y2—x=0A ho:2®+2y—x=0]

x c1x3 4 cay?
2
v, = c3x — ¢4y
—F(x,y,2) =
z c5x
[+ C
end while




(x,y,2,¢) < (a,b,¢, f)

while true do

Assert: [hi:y2—x=0A ho:2®+2y—x=0]

—F(x,y,2) =

0 N < M

end while

c1x3 + coy?
C3X — (:4y2
C5X

[

h is invariant for (a,b,c, f) € C* if and only if

hi =b*fa® —2ab%fsfa —a®f1 + a®f3> + b2 f2
ho =a®f5® —adf1 +b2f2 — 262 fa +2afs
(h1,h2)oF=0  (hi,h2)oF =0




(x,5,2,¢) + (a,b,c, f) - . 4 :
while true do h is invariant for (a,b, ¢, f) € C* if and only if
Assert: [hi:y2—x=0A ho:2®+2y—x=0] h1 = b*f4% — 2ab2fsfs — a®f1 + a®f32 + b2 fs
x c1x® + cay? ho = a®fs® —a®fi1 + b2 f2 —2b%fa + 2afs
~ — 2 = ~
Y Bz y,2) = | 3% Y (h1,h2)o F=0  (hi,ha)oF =0
z C5X L J
j : Finalstep
end while
- ~ Find solutions to a polynomial sys. with entries:

e in Z ~~» undecidable (Hilbert’s 10th pb.)

e in Q ~» major open problem




Synthesizing polynomial loops

Loopsynthesis Invariant set S,

(x.y.2,¢)  (a,b,e, f) .\
while true do h is invariant for (a,b, ¢, f) € C* if and only if

Assert: [h1:y2 —x=0A ha:2%+2y —x=0]

hi =b*fa? —2ab?fsfs —a®f1 +a’fs% + b f2

x c1x3 + coy? ho =a®fs® —a®f1 +b2f2 — 262 f4 +2afs
~ — 2 = ~
e Fryz)= | (hi,h2)o F=0  (hi,ha)oF =0
z C5X
[ [+
end while
> 2 Find solutions to a polynomial sys. with entries:
e in Z ~» undecidable (Hilbert’s 10th pb.)
H(x;t) q g
Numerical guesses Fio=0 =0 e in Q ~~ major open problem
~~» HomotopyContinuation.jl 'W‘
————
~» Continued frac. exp. — .
~~ Truncation —_
0 t 1

Symbolic methods (w(fi1) =0 we Q[t]
~~ AlgebraicSolving.jl _ wi(f1 )
~~ factor in Q[t] “T W (f1) w: € Q]

\

&0

J




Synthesizing polynomial loops

(x,5,2,¢) < (a,b,c, f)
while true do

Assert: [h1:y2 —x=0A ha:2%+2y —x=0]

b 4 cq x3 =+ czy2
2

~ c3x— ¢
NeFayz= |
z C5X
@ @

end while
H(x;t)

Numerical guesses Fe)= G(x)=0

0
~~ HomotopyContinuation.jl 'L@:
g S—

~» Continued frac. exp.

P

e .
~~ Truncation —_
0 t 1

Symbolic methods (w(fi1) =0 we Q[t]

~~ AlgebraicSolving.jl _ wi(f1
~~ factor in Q[t] “T W (f1)

\.

Sk

i €Qt]

J

Invariant set S5 ;)

h is invariant for (a,b,c, f) € C* if and only if
hi =b*fa® —2ab%fsfa —a®f1 + a®f3> + b2 f2
ho =a®f5® —adf1 +b2f2 — 262 fa +2afs

(h1,h2)oF=0  (hi,ha)oF =0

Find solutions to a polynomial sys. with entries:
e in Z ~» undecidable (Hilbert’s 10th pb.)

e in Q ~~ major open problem

Exploit structure

Decompose into ”simpler” subsystems

1. {cs =cg+cq4g =c1+c2 =0}

2. {ecs+1=c3t+catl=ci+cy—1=0}

3. {eatcatl=citca—1= c§7C5+1 =0}
where (a,b,c) = (1,1, —1)



Synthesizing polynomial loops

Loopsynthesis Invariant set S,

(x.y.2,¢)  (a,b,e, f) .\
while true do h is invariant for (a,b, ¢, f) € C* if and only if

Assert: [h1:y2 —x=0A ha:2%+2y —x=0]

hi =b*fa? —2ab?fsfs —a®f1 +a’fs% + b f2

x c1x3 + coy? ho =a®fs® —a®f1 +b2f2 — 262 f4 +2afs
~ — 2 = ~

e Fryz)= | (hi,h2)o F=0  (hi,ha)oF =0

z C5X

c c

end while
> 2 Find solutions to a polynomial sys. with entries:
e in Z ~» undecidable (Hilbert’s 10th pb.)
H(x;t) q g
e in major open problem
Numerical guesses F(x)t‘) EE=0 @~ J [P 1B
~~» HomotopyContinuation.jl "@‘ Exploit struct
————
~» Continued frac. exp. — . Xploit structure
~» Truncation (']t—'l Decompose into ”simpler” subsystems
1. {cs =c3+cqa=c1+ca =0}

Symbolic methods w(f1) =0 we Q[t] 2. {ecs+1=c3t+catl=ci+cy—1=0}
~ Algebra.lcSolvmg.Jl fi= pif1) i €QJt] 3. {eatcatl=citca—1= cg —c5+1=0}
~ factor in Qt] w'(f1)
L ) where (a,b,c) = (1,1, —1)

Satisfiability of logical formulas mathematical theories




State of the art - Main results

Loop Invariants

Works LICS’18', JSC’072 | FMSD’24%, POPL’24% /[ TPL’04°, Our work
Assignments Affine, Solvable Polynomial Polynomial
Invariants Polynomial Polynomial< d Polynomial< d
Complete v X ‘ v |
L[Hrushovski, Ouaknine, Pouly, Worrell; '18]  2[Rodriguez-Carbonell, Kapur; '07]

[Amrollahi, Bartocci, Keninson et al.; '24]

[Cyphert, Kincaid; *24]

Some of our contributions from [EeGrLIPRLILE)

For loops of any degree we can:

test polynomial invariant
template-based polynomial invariant generation
optimization when fixed initial value

5(Miiller-Olm, Seidl; *04]



https://arxiv.org/abs/2412.14043

State of the art - Main results

Loop Invariants

Works LICS’18', JSC’072 | FMSD’24%, POPL’24% /[ TPL’04°, Our work
Assignments Affine, Solvable Polynomial Polynomial
Invariants Polynomial Polynomial< d Polynomial< d
Complete v X ‘ v |

L[Hrushovski, Ouaknine, Pouly, Worrell; '18]  2[Rodriguez-Carbonell, Kapur; '07]
[Amrollahi, Bartocci, Keninson et al.; '24] [Cyphert, Kincaid; *24]  9[Miiller-Olm, Seidl; *04]

Loop synthesis

o T o
Works ISSAC’231 | STACS’242 | Form. Asp. Comput’223 ) Our work |
Assignments Linear Linear Linear .' Polynomial
Invariants Binomial Quadratic Polynomial ! | Polynomial
Complete v v X 1} X
Non-trivial 4 v X v X J

--

L[Kenison, Kovacs, Varonka; ISSAC’23] , 2[Hitarth, Kenison, Kovacs, Varonka; STACS’24]
3[Humenberger,

Amrollahi, Bjgrner, Kovécs

; Form. Asp. Comput’22]

Some of our contributions from [ERGELYRLIE] I A L IEn)]

For loops of any degree we can:

test polynomial invariant
template-based polynomial invariant generation
optimization when fixed initial value

4. reduce loop synthesis to polynomial invariant

-
-


https://arxiv.org/abs/2412.14043
https://arxiv.org/abs/2509.25114

Polynomial inequalities
(Work In Progress)



Invariant set of (F, h):
S(rhy = {a eC™, Vm >0, ho F™(a) > 0}
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Let Sy = {h >0,--- ,ho F(™ > 0}
S(F’h)=S()ﬂSlﬁ NSy, N

~> S(r,n) can generally not be defined
using finitely many =, >, A and —
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Invariant set of (F, h):
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[ (Sm)m>0 does not stabilize
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Let Sy = {h >0,--- ,ho F(™ > 0}
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~> S(r,n) can generally not be defined
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X< a
: while true do

x+—x+1

1
2
3: Assert: x < 0
4
5: end while
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What changes?

Definition No stabilisation )
Invariant set of (F,h): Let Sy = {h >0,--- ,ho F(™ > 0}
S(r, ):{CLE(Cn7 VYm > 0, oF(m)(a) > 0} Sty =50NS1N - NSm M-

~+ S(r,n) can generally not be defined
using finitely many =, >, A and —

(Sm)m>0 does not stabilize

Example
Sk,n = Z<o U0, 400 not
semi-algebraic i x+a
% 2: while true do
—_—— > 3: Assert: 0 <x <1
—4 -3 = -1 0 1 n R o 53l il
5: end while
Positivity test Invariant test
w0, .-, Uuk—1 €Q (x0, -+ %k—1 ) < (@0, ,U—_1 )
ap  ,...,ak_1  €Q while true do
Untk + Qp— Untk—1+ - ++ao up, =0 Assert: x0 > 0,...,x,—1 >0
X0 0 1 . 0 X0
Are all u,, > 07?7
Xk—2 0 1 Xk—2
Open problem for k > 6 - T 000  @P—s) @ %h_1

(diophantine approx. [Ouaknine & Worrell '10])
end while



What changes?

Definition

Invariant set of (F,h):

Sy = {a€C”, ym >0, ho F™(a) > 0}

(Sm)m>0 does not stabilize
Sk,n = Z<o U0, 400 not
semi-algebraic

Positivity test
U,y ..., Upk—1 €Q
ao(n),...,ar—1(n) € Q[n]
Untk + a1 (M)Upyk—1 + -+ + ao(n)u, =0

Are all u,, > 07?7

Assumptions on eigenvalue and
initial values [Ibrahim & Salvy ’25]

No stabilisation £
Let Sy = {h >0,--- ,ho F(™ > 0}
S(FYh):Soﬂslﬂ NSy, N

~+ S(r,n) can generally not be defined
using finitely many =, >, A and —

Example

1: X< a

2: while true do

35 Assert: 0 <x<1
4 X<+ x+1

5: end while

Invariant test

(05 -+, Xk—1,n) < (w0, .., Ur—1,0)
while true do
Assert: xg > 0,...,xx_1 >0

X0 0 1 0 X0

= ' 0 1
X —2
Xp_1 ao(n) - - - ap—1(n)
n n+1
end while

Xk —1
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1: x4+ a h(a) >0 and Vz, h(z) >0= h o F(z) >0

2: while true do

3 Assert: h(x) >0
4: x + F(x)
5

: end while
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1: x4+ a h(a) > 0 and Vz, h(z) > 0= h o F(z) >0
2: while true do

3 Assert: h(x) >0
4: x + F(x)
5

: end while

x4+ (2,1)

: while_true do

: end while
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1: x4+ a h(a) >0 and Vz, h(z) >0= h o F(z) >0
2: while true do

3 Assert: h(x) >0
4: x + F(x)
5

: end while

Cx e (2,1) h(2,1) > 0and hoF = 2h + 1

: while_true do

: end while
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Inductive invariants

Polynomial loop Inductive invariant
1: X+ a (a) >0 and Vz, h(z) >0= h o F(z) >0
2: while true do
3 Assert: h(x) > 0 Order-k Inductive invariant [Gerhold & Kauers 05, Falke & Kapur '15]
4 x < F(x) (a) >0,...,hoF®(a)>0and
Eendphile Vo, h(z) >0,...,ho F® () >0= h o FEtD(g) > 0
Example =@wm=1>0 Order 0
1 x + (2,1) (2,1) >0 and hoF =2h +1
2: while_true do
X 2-x
3: = 7
y -3y

4: end while
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Inductive invariants

Polynomial loop

1: X< a
2: while true do

3 Assert: h.(x) > 0
4: x + F(x)
5

: end while

Example

1: x < (2,1)

2: while_true do
3: =

4: end while

Inductive invariant

(a) >0 and Vz, h(z) >0= h o F(z) >0

Order-k Inductive invariant [Gerhold & Kauers 05, Falke & Kapur '15]

(a)>0,...,hoF®(a)>0and
Vo, h(z) >0,...,ho F® () >0= h o FEtD(g) > 0
=z—-1>0 Order 0

(2,1) >0and hoF =2h +1

=3z —4y—1>0 Order 1
(0,-1) >0
Not orderOW{ oF(0,—1) < 0

But order 1: 7(2,1) > 0 and

2.-hoF?=hoF+6h+5

12



Inductive invariants

Polynomial loop

1: X< a
: while true do

Assert: h(x) > 0

2
3
4: x + F(x)
5

: end while

Example

1: x < (2,1)

2: while_true do
3: =

4: end while

E{ﬂm This is the max. order here

Inductive invariant

(a) >0 and Vz, h(z) >0= h o F(z) >0

Order-k Inductive invariant [Gerhold & Kauers 05, Falke & Kapur '15]

o F(k>(a) > 0 and
o F(k+1)(x) >0

(a) >0,...,

Vz, h(z) >0,..., oF(k)(1)>0:>

=z—1>0 Order 0

(2,1) >0and hoF =2h +1

=3z —4y—1>0 Order 1
(0,-1) >0

Not orderOW{ oF(0,—1) < 0

But order 1: 7(2,1) > 0 and

2.-hoF?=hoF+6h+5
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Inductive polynomials f € Ind,(F) NR<y[z] = Ind, 4

for all e € R®, h(x)>0,...,hoF"(x)>0= hoF " l(z)>0
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Inductive polynomials f € Ind,(F) NR<y[z] = Ind, 4

for all e € R®, h(x)>0,...,hoF"(x)>0= hoF " l(z)>0




Inductive polynomials f € Ind,(F) NR<y[z] = Ind, 4

for all e € R®, h(x)>0,...,hoF"(x)>0= hoF " l(z)>0

V' 1CIndog G- CIndpg
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On the set of inductive invariants

Definition

Inductive polynomials f € Indr(F) NR<4[z] = Ind, 4:

for all e € R®, h(x)>0,...,hoF"(x)>0= hoF " l(z)>0

V1CIndgg € - CIndpg =Indypqq=--

=
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On the set of inductive invariants

Definition

Inductive polynomials f € Indr(F) NR<4[z] = Ind, 4:

for all e € R®, h(x)>0,...,hoF"(x)>0= hoF " l(z)>0

V1CIndgg € - CIndpg =Indypqq=--

=

X No guarantee to stabilize

v Soundness: Ind, 4 C {All invariants}
X In general |J,. Ind,. C {All invariants}
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On the set of inductive invariants
Definition
Inductive polynomials f € Indr(F) NR<4[z] = Ind, 4:
for all ® € R", (®)>0,...,ho F"(x) >0=ho F" l(x) >0

Properties

==

\_/ /\/ X No guarantee to stabilize

v Soundness: Ind, 4 C {All invariants}
X In general |J,. Ind,. C {All invariants}

V1CIndg g C- - CIndpg =Indppq,g=--

Computability

Ind, q(F) can be written with finitely many quantifier-free
equation+inequalities ~~ semi-algebraic set
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On the set of inductive invariants
Definition
Inductive polynomials f € Indr(F) NR<4[z] = Ind, 4:
for all ® € R", (®)>0,...,ho F"(x) >0=ho F" l(x) >0

Properties

==

\_/ /\/ X No guarantee to stabilize

v Soundness: Ind, 4 C {All invariants}
X In general |J,. Ind,. C {All invariants}

V1CIndg g C- - CIndpg =Indppq,g=--

Symbolic Quantifier Elimination

Presburger (c.e.Fourier-Motzkin) (d = 1, deg(F) = 1)
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On the set of inductive invariants
Definition
Inductive polynomials f € Indr(F) NR<4[z] = Ind, 4:
for all ® € R", (®)>0,...,ho F"(x) >0=ho F" l(x) >0

Properties

==

\—/ /\/ X No guarantee to stabilize

v Soundness: Ind, 4 C {All invariants}

V1CIndg g C- - CIndpg =Indppq,g=--

X In general |J,. Ind,. C {All invariants}

Symbolic Quantifier Elimination Exploit structure

Presburger (c.e.Fourier-Motzkin) (d = 1, deg(F) = 1)
Cylindrical Algebraic Decomposition [Collins, '75]

Farkas’ lemma (d = 1, deg(F) = 1)
Putinar’s Positivstellensatz

Computability

Ind, q(F) can be written with finitely many quantifier-free
equation+inequalities ~~ semi-algebraic set

Numerical Quantifier Elimination

Semidefinite programming [Lasserre '15]
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On the set of inductive invariants

Definition

Inductive polynomials f € Indr(F) NR<4[z] = Ind, 4:

°9

for all ® € R"®, h(x) >0,..

N

Symbolic Quantifier Elimination

Presburger (c.s.Fourier-Motzkin) (d = 1, deg(F) =
78]

Cylindrical Algebraic Decomposition [Collins, '7

Computability

o F"(x) >0=hoF™(x) >0
Properties
V1CIndg g C- - CIndpg =Indppq,g=--

X No guarantee to stabilize

V" Soundness: Ind, 4 C {All invariants}
X In general |J,. Ind,. C {All invariants}

Exploi

In the following
Farkas lemma (d = 1, deg(F) =

)

)

1)
Positivstellensa

Ind, q(F) can be written with finitely many quantifier-free
equation+inequalities ~~ semi-algebraic set

Numerical Quantifier Elimination

Semidefinite programming [Lasserre '15]
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X< a

while true do
Assert: 1o : c1x+ cay +c3z+cat >0

X 1 1 x
0 1

y — y

z 0o -1 z

t 1 0 t

end while




Adapted Farkas lemma

X< a

while true do
Assert: 1o : c1x+ cay +c3z+cat >0

x 1 1 x
0 1
y — y
z 0o -1 z
t 1 0 t
end while

\.

a1x + a2y + a2z + ast > 0

Lot @ {blx+bzy+b2z+b4t20

Suppose ® satisfiable, then

iff there exists A1, A2, A3 > 0 such that

V(x,y,2,t), ® = cix+cay+coz+cat >0

ci = A1a; + Xob; for i € {1, 2, 3}
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Adapted Farkas lemma

X< a

while true do
Assert: 1o : c1x+ cay +c3z+cat >0

x 1 1 x
0 1
y — y
z 0o -1 z
t 1 0 t
end while

\.

a1x + a2y + a2z + ast > 0

Lot @ {blx+bzy+bzz+b4t20

Suppose ® satisfiable, then

V(x,y,2,t), ® = cix+cay+coz+cat >0

iff there exists A1, A2, A3 > 0 such that
¢ = A1a; + A2b;

for i € {1, 2,3}

All blocks

{(e/7 c/l)} c R4

14



X< a Lot D - a1x + asy + azz + ast >0
while true do "l bix + boy + baz + bt >0
Assert: h :cix+ cay +c3z+cst >0

= x Suppose ® satisfiable, then

y . y V(x,y,2,t), ® = cix+cay+coz+cat >0
z z iff there exists A1, A2, A3 > 0 such that

t t

ci = A1a; + Xob; for i € {1, 2, 3}

end while

{C/ S R? | X e Rgo,e'()\7 c’) = 0} X = (cl7cll)} c R4
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X< a Lot D - a1x + asy + azz + ast >0
while true do "l bix + boy + baz + bt >0
Assert: h :cix+ cay +c3z+cst >0

Suppose ® satisfiable, then
Y(x,y,2,t), ® = c1x+ cay + caz+cat >0
iff there exists A1, A2, A3 > 0 such that

ci = A1a; + Xob; for i € {1, 2, 3}

{e/ €R? | IX € RL,, £/ (A, ) =0} X {c" €R*|INERL,, £'(A, ") =0}  — {(c,¢")} CR?
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X< a Lot D - a1x + asy + azz + ast >0
while true do "l bix + boy + baz + bt >0
Assert: h :cix+ cay +c3z+cst >0

Suppose ® satisfiable, then
Y(x,y,2,t), ® = c1x+ cay + caz+cat >0
iff there exists A1, A2, A3 > 0 such that

ci = A1a; + Xob; for i € {1, 2, 3}

{e/ €R? | IX € RL,, £/ (A, ) =0} X {e" eR? |} =0 A cf =0} — {(, )} cr?
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Adapted Farkas lemma

xea Let @ . 1%+ a2y +asz+ast >0
: bix + boy + b2z + bat > 0

while true do

Assert: 1o : c1x+ cay +c3z+cat >0
Suppose ® satisfiable, then

x 1 1 x
v 0 1 y Y(x,y,2,t), ® = cix+cay+caz+cst >0
z 0 —1| |z iff there exists A1, A2, A3 > 0 such that
t 1 0 t ci = A1a; + Xob; for i € {1, 2, 3}
end while \ J

All blocks

Real Jordan blocks Complex Jordan blocks

{e/ €R? | IX € RL,, £/ (A, ) =0} X (e eRr?| ¢l =0 A cf =0} = {(, ")} cr*

(#0, - )€ Ind, < (1,0) € Ind,
(=0, #0) € Ind, < (0,1) € Ind,

E.g. for the region (#0, - ) only check:
IAERL,, LA (1,0) =0
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Adapted Farkas lemma

Let@:{

Suppose

Y(x,y,2,t), ® = c1x+ cay + caz+cat >0
iff there exists A1, A2, A3 > 0 such that

a1x + a2y + a2z + ast > 0
bix + boy + b2z + bat > 0

@ satisfiable, then

ci = A1a; + Xob; for i € {1,2,3}

\

X4 a
while true do
Assert: 1o : c1x+ cay +c3z+cat >0
x 1 1 x
y 0 1 y
z 0o -1 z
t 1 0 t
end while
.

Real Jordan blocks

(¢ €R?|INERL, LA ) =0} X {"€R | =0Acf =0}

(#0, - )€ Ind, < (1,0) € Ind,
(=0, #0) € Ind, < (0,1) € Ind,

> §

Complex Jordan blocks

E.g. for the region (#0, - ) only check:
IAERL,, LA (1,0) =0

All blocks

{(e/7 c/l)} c R4

e The difference Ind, 1 \ Ind, consists of
uniform new regions.

e There are at most n such regions.

= The sequence (Ind,), stabilizes after
at most n iterations.
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l.c;=0Aca=0Ac3=0
2.1 #0ANc2=0Ac3=0
3.c1=0ANc2=0Ac3#0




0
0

I =

o O N

0
V2

0 V2
l.c;=0Aca=0Ac3=0
2.1 #0ANc2=0Ac3=0
3.c1i=0Aco=0Ac3#0




0
J = 0

o O N

0
V2

0 V2
l.egr =0ANc2=0Ac3=0
2.1 #0ANc2=0Ac3=0
3.c1=0Aco=0Ac3#0

Lol

2 0 0
M=10 0 2
o 1 o0

c1=0Ac3—2c2=0A cs++v2co =0
1 #0 A cs—v2c2=0 A c3++v2c3 =0
c1=0Ac3—vV2c2=0A c3++2ca #0




0
0

J =

o O N

0
V2

0 V2
l.c;=0Aca=0Ac3=0
2.1 #0ANc2=0Ac3=0
3.c1=0Aco=0Ac3#0

Lol

2 0 0
M=10 0 2
o 1 o0

C1=0/\C3—\/§Cz=0/\63+‘\/§02:0
61?50/\63—\/2_’62=0/\03+\/562=0
01=0/\03—\/502:0/\63+\/502;é0

e the coefficients of the relations can be irrationals

e we look for rational solutions

15



Limitations

Outputs of the algorithm

2 0 0 2 0 0
J=|0o —-v2 o M=1[|0 0 2
0 0 V2 0 1 0
l.ci;=0Ac2=0Ac3=0 — c1=0Ac3—v2c2=0A c3++V2c2 =0
2.¢1Z0Aca=0Ac3=0 — c1#0 A czg—vV2ca=0A c3+vV2c2 =0
3.1 =0Aca=0Ac3#0 —_— 61:()/\63—\/562=0/\03+\/562;é0
Indo (J) Indo (M)

Remarks

e the coefficients of the relations can be irrationals

e we look for rational solutions

The relevant subset Blue Pill

Given an affine system of (in)equations
(loy .-y lm) €ER<ifer, ..oy Em]

e decide on the existence of rational solutions

e compute a representation of these solutions



Limitations

Outputs of the algorithm
2

0 0
J=10 -2 0
0 0 V2

l.c;=0Aca=0Ac3=0 ——
2.1 Z0ANca=0ANc3=0 =
3.1 =0Aca=0Ac3#0 0
Indo(J)
Remarks

2 0 O
M=10 0 2
o 1 0

c1=0Ac3—vV2c2=0Ac3++v2c=0
claéOAn;gf\/icQ:O/\c;;Jﬁ\/icQ:O
cq :O/\C3—\/502=0/\03+ﬁcz;£0

Indo (M)

e the coefficients of the relations can be irrationals

e we look for rational

solutions

The relevant subset Blue Pill  The dual problem Red Pill

Given an affine system of (in)equations| |Compute a (numerical) approximation of the

(loy .-y lm) €ER<ifer, ..oy Em]
e decide on the existence of rational solutions

e compute a representation of these solutions

smallest reachable set:

{a € R", f(a) > O for every ind. invariant}



New methods for computing polynomial invariant up to given degree
Reduction of general polynomial loop synthesis to system solving

Many optimizations remains on ideal computations

More general kind of inductive invariants
Several computational methods to compute invariants

Affine case almost completely solved
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