Positivity Proofs for Linear Recurrences
through Cones

Alaa Ibrahim

I . <
—— W — Lyon - June 2025 &t%

ENS DE LYON



Examples

[Straub-Zudilin 2015] Combinatorics
\ n—tin2ken Sk on\° 16"
Sn:Z(—27) K2k P L > 0,n e N vn=< n) >0,n>1
Gillis-Reznick-Zeilberger family of sequences Turan’s inequality
L (kn — (k= 1)j)kV
(k) — —1V (
4= LY 2 0 EN Uy 1) = Py (0% = P,y () Py (1) > 0, x € (=1.,1)
j=0 k> 4 —
P (x) = — 1)"
) 2" ! dx" x )

Solutions of Linear Recurrences
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Positivity Problem

nmu, ;= mu,. 41+ -+ po(nu,, p; € Qn
Input: {p@; Mg = Pact (Ml gy + -+ + po)ity, p; € QI

uo,ul,...,ud_l E@ \\)
Order d

Output: Trueif Vn € N,u, > 0
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Recurrence to vector form

PiMty g = Pg_i(MUyy g1 + -+ + po(n)u,
LetU, = (u,, u,. ..., U4, 4_1), then

A(n)  Assumption: A := lim A(n) € GL (Q)

N n— 00
0 1 0 0 . :
0 0 i 0 Eigenvalues of the recurrence: Eigenvalues of A
U o= : : |y . . |
S 0 0 0o .. 1 " Ay, ..., A, € C are the dominant eigenvalues of A if :
pon)  py(n)  py(n) Pi—1(n)
pan)  pan)  pgn) pa(n) ‘/11‘ — ‘/12‘ — = ‘/11/‘ > ‘/11/+1‘ > ‘/11/+2‘"'
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Decidability

C-finite P-finite
Uy g = Cg_Up g1+ =+ Colt,, C; € Q P, g = pa_ (W, 41+ - + py(Mu,, p; € Qln]
U, = Z g (n)A/, q; € Q[n] No general closed form
Decidability .
- Arbitrary d € N and [Ouaknine-Worrell 2014]| . d = 2 and cases of d = 3 with [Kauers-Pillwein 2010]
Generic initial Generic initial |
M> bl 2z T conditions h> bl 2 s conditions + 4y simple

-d <5, arbitrary A,

- d = 6: Open problems in diophantine approximation

Arbitraryd € N?

Several dominant eigenvalues?
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Proofs by induction

P ta = P Wity + -+ + po(m)u,
[Gerhold-Kauers 2005]

By induction: Use quantifier elimination to find iteratively m € N s.t

Vn2>0,Vu,>0,...,Vu,. >0 = u,, ., >0

. . No guarantee that m exists [Kauers-Pillwein 2010]

Variant: Change the induction hypothesisto 36 > 0, u,.; > f u, > 0

\\) Termination (under assumptions) for d = 2 and cases of d = 3

Idea: Find “suitable” cones
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Cone-based approach

A= 1lim A(n)
Input o y Find N Check if
ind K € R, K CK n> N
Un+1 — A(n)Un (n) C , ' Z
UO / AKCKO UNEK U()>Oa°°-9 UN_l >O

U eK,n>N

Output

Positive or not
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Contracted cones

K+RYK #@
Theorem 7
There exists a@ cone K contracted by A if and only if:
Ay > || = -
. A, simple [Vandergraft 68]

4 Explicit construction based on the Jordan form of the matrix A

AK\{0} Cc K° K is not unique
N

A contracts K
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Example: Cone Construction

2n—Du, y=On—-"Tu,—(10n+%u, .+ (/n+3)u,.,

O 1 O
9 _5 I Ay ~ 0.68 + 1.28i
2 2

Construction:

Eigenvectors: V,, V,, V,

K= {aV,+bV,+bV,, |b| < a}

A . (ClVl + sz + bVZ) — /1‘161 Vl‘l‘/lzb Vz‘l‘llzbz V2

- .*
------
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Termination: One simple dominant eigenvalue

U

n

=AU, A = lim A(n) € Q¥

n— oo

Theorem [1.-Salvy 2024]

Positivity is decidable for d € N with 4, > |4,| > | 4;] > ...

Generic initial
conditions

+ A, simple

Vandergraft Construction Convergence of A(n) — A

l l

Find K € R‘io S.t Compute n .t

Generic initial
conditions

l [Friedland 2006]

Find N > ngs.t

AK C K° An)K C K,n > ng

By approximating Solving polynomial

the eigenvalues inequalities in Q7]

=A== |42

Uy € K

Computations in Q
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Example with no contracted cone

1\~ 1 1
un—IZPn Z _Pn—l Z Pn+1 Z ,I”lZl

Ar¥
................... sh, A > —> No contracted cone by A
Ay X
Idea: Find (K), € R |A(n)K, C K,
d
A, : Eigenvalues of A(n) Up € Ky = Uy € Ky TR,
P ,
X"2.n
A _
x" Mn> 14, = IK, contracted by A(n)
XAryn
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Cone-based approach: Extension

By induction:Vn > 11,U, € K, C Rio
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Several Simple Dominant Eigenvalues

U

n

g =AU , A = lim A(n) € Q¥

n—0o0

Theorem [l. 2025]

: d -

There exists (K,,), such that A(n)K,, C K, | C RS if J = lim A

'ﬂ“l,n>‘/IZ,n‘Z‘/%,n‘Z'“Z‘/Ik,n‘ n—co
Ai F 4

A=l == 4> |4

ALy oo s Ay, SIMple

. .IrllanMi,n _;ti,n+1‘ = 0 (ll,n_ ‘/12,71‘ ), n — 0.
i=1,...,

Corollary

Positivity is decidable for recurrences of this class with arbitrary d € N, if

U
additionally lim HUnH =V, withAV, = 4,V,.

Conditions on the
recurrence

Condition on the
initial conditions
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Examples

Dominant
Recurrence Order d Eigenvalues N

;= Z (27 y-ko2k- ,,(k )! (n f k) o One simple 1
Gillis, Reznick, Zeilberger <4 ford#)5
’ ’ 4 to 24 One simple
inequality 546 ford = 5
Turan’s inequality 3 Three simple 11
x=1/4
on\° 16"
V= ( ) 2 One double 6
n 4n
11, L1
Fi(5 g b 2 (40 5h (575 1) 2 One double 4

x € (0,1)
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Timings

k' max deg max log,, coeffs N t(s)
1 O 10 g (.1
5 10 2(0) 46 ().2
O 15 32 3 ().2
7 21 02 3 (.4
8 28 72 l (.5
[Gillis, Reznick, Zeilberger 83] Y 30 100 1 2.4
10 45 129 l 1.7
n (e — (k — DD eV 11 55 175 ; 2.8
' = Z (— l)f( ( ~ k),]') > () 12 66 202 L 5.3
=0 (n=pY! 13 78 270 1 7.3

\ 14 91 310 1 16.5
) 15 105 366 1 21.1
Order k 16 120 133 1 39.8
17 136 a9l 1 3.9

I8 153 269 1 8.0

19 171 699 1 120.4

20) 190 739 1 209.1

21 210 85H() 1 446.5

22 231 960 1 116.9

23 253 1115 1 731.6

24 276 1140 1 1827.2
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Conclusion

This cone-based approach gives positivity proofs for a large class of sequences

Ongoing work: Extension to sequences with parameters

Vxe(-1,1), P,(x)*=P,_,(x)P, ., (x) >0, n>1.

Thank you!
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1 1 1 1
Fi(—,— 1:x) = (1 +x) Fi(—,—;1;x) = a,x" x € (0,1
P50 53 1527 = (142 oFy (- )Za (0,1)

0 b n
Fi(a,b;c;7) = 2 @, Oy 2

!
p— (c), n!




Cone-based approach: Extension

Find N .
Input / Find K Rdo’ Check if
U1 =AU, 7 AmK, CK,,;,n=N
U, / AK CK Uy € K, Uy>0,...,Uy_; >0
U eK. n>N

Output

Positif or not

By Induction:Vn > 11,U, € K, C R? |
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